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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ

Îäíîé èç àêòèâíî ðàçâèâàþùèõñÿ îáëàñòåé ñîâðåìåííîé ìàòåìàòèêè ÿâëÿ-

åòñÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿäêà è åå ïðèëîæå-

íèÿ [32, 35, 62, 69, 77, 83]. Ðàçâèòèå äðîáíîãî èñ÷èñëåíèÿ èíñïèðèðîâàíî êàê

òåîðåòè÷åñêèì èíòåðåñîì ê íåìó, òàê è åãî èñïîëüçîâàíèåì â ïðèêëàäíûõ

èññëåäîâàíèÿõ. Äðîáíûå ïðîèçâîäíûå ïîâñåìåñòíî èñïîëüçóþòñÿ â èññëåäî-

âàíèÿõ ïî ìåõàíèêå âÿçêîóïðóãèõ æèäêîñòåé (íåôòü, ïîëèìåðû, ïðîäóêòû è

äð.) [60, 66, 81]; â ðàáîòàõ [1, 24, 27, 28, 34, 38, 88] óðàâíåíèÿ äðîáíîãî ïîðÿäêà

ïðèìåíÿþòñÿ äëÿ îïèñàíèÿ äâèæåíèÿ âî ôðàêòàëüíûõ ñðåäàõ (ïî÷âà, êðîâå-

íîñíàÿ ñèñòåìà), ìîäåëèðîâàíèÿ òóðáóëåíòíîñòè, êîëåáàòåëüíûõ ïðîöåññîâ â

ìåõàíè÷åñêèõ, ýëåêòðè÷åñêèõ ñèñòåìàõ, ïðîöåññîâ â ìàòåìàòè÷åñêîé áèîëî-

ãèè è äð.

Ñðåäè ìíîãèõ ðàçëè÷íûõ îïðåäåëåíèé äðîáíîé ïðîèçâîäíîé ÷àùå âñåãî

ðàññìàòðèâàþòñÿ ïðîèçâîäíûå Ðèìàíà � Ëèóâèëëÿ [35, 61] è Ãåðàñèìîâà �

Êàïóòî [7,35,51,61]. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ óðàâíåíèÿ ñ äðîáíîé

ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà [13, 53], ÷àñòíûìè ñëó÷àÿìè êîòîðîé

ÿâëÿþòñÿ ïðîèçâîäíûå Ðèìàíà � Ëèóâèëëÿ è Ãåðàñèìîâà � Êàïóòî, à òàêæå

ëþáûå èõ êîíå÷íûå êîìïîçèöèè. Âñå ýòî ñâèäåòåëüñòâóåò îá àêòóàëüíîñòè

òåìû èññëåäîâàíèÿ.

Ñòåïåíü ðàçðàáîòàííîñòè òåìû èññëåäîâàíèÿ

Âïåðâûå ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñåñÿíà áûëà ââåäåíà â ðàáîòå [13]

(ïóáëèêàöèÿ [53] ÿâëÿåòñÿ åå àíãëèéñêèì ïåðåâîäîì; ñì. òàêæå ðàáîòó [12]).

Ïóñòü 0 < αk ≤ 1, k = 0, 1, . . . , n ∈ N, ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñå-

ñÿíà íàçûâàþòñÿ âûðàæåíèÿ Dσ0z(t) := Dα0−1
t z(t),

Dσkz(t) := Dαk−1
t D

αk−1

t D
αk−2

t . . . Dα0
t z(t), k = 1, 2, . . . , n,
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ãäå Dβ
t z(t) � ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà β ïðè β > 0 è èí-

òåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà −β ïðè β ≤ 0. Çäåñü æå èññëåäîâàíà

íà÷àëüíàÿ çàäà÷à äëÿ ëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ, âîîáùå ãîâîðÿ, ñ ïåðåìåííûìè êîýôôèöèåíòàìè, ðàçðåøåííîãî îò-

íîñèòåëüíî ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà. Íà÷àëüíûå óñëîâèÿ ïðè

ýòîì çàäàþòñÿ äëÿ ìëàäøèõ ïðîèçâîäíûõ Äæðáàøÿíà � Íåðñåñÿíà Dσk ,

k = 0, 1, . . . , n. Íåñìîòðÿ íà òî, ÷òî àâòîðû [13] íàçûâàþò òàêóþ íà÷àëüíóþ

çàäà÷ó çàäà÷åé Êîøè, ñ÷èòàåì ïðàâèëüíûì íàçûâàòü åå çàäà÷åé Äæðáàøÿ-

íà � Íåðñåñÿíà.

Ðàçëè÷íûå íà÷àëüíî-êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíå-

íèé è ñèñòåì óðàâíåíèé ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà ðàññìàò-

ðèâàëèñü â ðàáîòàõ À. Â. Ïñõó [31,33], Ì. Ã. Ìàæãèõîâîé [25,26] Ì. Î. Ìàì-

÷óåâà [67], Ô. Ò. Áîãàòûðåâîé [2, 3], A. Ahmad è D. Baleanu [48]. Íàïðèìåð,

â [31] ïîëó÷åíî ôóíäàìåíòàëüíîå ðåøåíèå äèôôóçèîííî-âîëíîâîãî óðàâíå-

íèÿ â Rn × (0, T ] ñ äðîáíîé ïî âðåìåíè ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿ-

íà è ñ íà÷àëüíûìè óñëîâèÿìè Äæðáàøÿíà � Íåðñåñÿíà Dσkz(x, 0) = zk(x),

k = 0, . . . , n−1, x ∈ Rn. Â [33] àíàëîãè÷íûå âîïðîñû èññëåäóþòñÿ äëÿ ñëó÷àÿ

äèñêðåòíî ðàñïðåäåëåííîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìå-

íè.

Â äàííîé äèññåðòàöèîííîé ðàáîòå ïîìèìî óðàâíåíèé, ðàçðåøåííûõ îò-

íîñèòåëüíî äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà, èññëåäóþòñÿ óðàâ-

íåíèÿ, ñîäåðæàùèå ëèíåéíûé îïåðàòîð ñ íåòðèâèàëüíûì ÿäðîì ïðè ýòîé

ïðîèçâîäíîé è ïîýòîìó îòíîñÿùèåñÿ ê êëàññó òàê íàçûâàåìûõ âûðîæäåí-

íûõ ýâîëþöèîííûõ óðàâíåíèé. Âûðîæäåííûå ýâîëþöèîííûå óðàâíåíèÿ è ñè-

ñòåìû óðàâíåíèé ÷àñòî âñòðå÷àþòñÿ ñðåäè íåêëàññè÷åñêèõ óðàâíåíèé ìàòå-

ìàòè÷åñêîé ôèçèêè. Ðàçëè÷íûå àâòîðû èññëåäóþò íà÷àëüíî-êðàåâûå çàäà÷è

äëÿ òàêèõ óðàâíåíèé è ñèñòåì óðàâíåíèé öåëîãî ïîðÿäêà, îòìåòèì ðàáîòû

R. E. Showalter [84], Þ. Å. Áîÿðèíöåâà, Â. Ô. ×èñòÿêîâà, Ì. Â. Áóëàòî-
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âà [4�6], Í. À. Ñèäîðîâà, Á. Â. Ëîãèíîâà, Ì. Â. Ôàëàëååâà [37, 39, 40, 85],

Ã. Â. Äåìèäåíêî, Ñ. Â. Óñïåíñêîãî, È. È. Ìàòâååâîé [10, 11], À. È. Êîæà-

íîâà [20, 21], A. Favini, A. Yagi [54], Ã. À. Ñâèðèäþêà, Â. Å. Ôåäîðîâà [87],

È. Â. Ìåëüíèêîâîé, À. È. Ôèëèíêîâà [68], Ñ.Ã. Ïÿòêîâà [80], À. Ã. Ñâåøíè-

êîâà, Ì. Î. Êîðïóñîâà, À. Á. Àëüøèíà, Þ. Ä. Ïëåòíåðà [22,36], È. À. Øèø-

ìàðåâà, Å. È. Êàéêèíîé, Ï. È. Íàóìêèíà [16, 17]. Â ðàáîòàõ ïåðå÷èñëåííûõ

àâòîðîâ ðàññìàòðèâàþòñÿ êàê êîíêðåòíûå óðàâíåíèÿ è ñèñòåìû óðàâíåíèé,

îáûêíîâåííûå è â ÷àñòíûõ ïðîèçâîäíûõ, òàê è àáñòðàêòíûå îáûêíîâåííûå

äèôôåðåíöèàëüíûå óðàâíåíèÿ â áàíàõîâûõ ïðîñòðàíñòâàõ. Óðàâíåíèÿ â áà-

íàõîâûõ ïðîñòðàíñòâàõ, íå ðàçðåøèìûå îòíîñèòåëüíî äðîáíîé ïðîèçâîäíîé

Ðèìàíà � Ëèóâèëëÿ èëè Ãåðàñèìîâà � Êàïóòî, ñ ïðèëîæåíèÿìè ê êîíêðåò-

íûì íà÷àëüíî-êðàåâûì çàäà÷àì èññëåäîâàëèñü â ðàáîòàõ Â. Å. Ôåäîðîâà,

Ì. Â. Ïëåõàíîâîé è èõ ó÷åíèêîâ [30,44,45,57,73�76,102].

Îòìåòèì, ÷òî ðåçóëüòàòû äèññåðòàöèè îá àíàëèòè÷åñêèõ ðàçðåøàþùèõ

ñåìåéñòâàõ îïåðàòîðîâ, íåâûðîæäåííûõ è âûðîæäåííûõ, ÿâëÿþòñÿ îáîáùå-

íèåì ñîîòâåòñòâóþùèõ ðåçóëüòàòîâ òåîðèè ïîëóãðóïï îïåðàòîðîâ [15,19,72],

â òîì ÷èñëå âûðîæäåííûõ ïîëóãðóïï îïåðàòîðîâ [41,42,87], íà ñëó÷àé óðàâ-

íåíèé ñ äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà. Ïðè ýòîì òåîðåìà

î âîçìóùåíèÿõ îïåðàòîðîâ êëàññà A{αk} ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû Êàòî

î âîçìóùåíèÿõ ãåíåðàòîðà àíàëèòè÷åñêîé â ñåêòîðå ïîëóãðóïïû [18]. Ðàíåå

ïîäîáíûå îáîáùåíèÿ äëÿ ýâîëþöèîííûõ èíòåãðàëüíûõ óðàâíåíèé áûëè ïîëó-

÷åíû ß. Ïðþññîì [79], äëÿ óðàâíåíèé ñ ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî �

Ý. Ã. Áàæëåêîâîé [50]. Äëÿ óðàâíåíèé ñ ïðîèçâîäíîé Ðèìàíà � Ëèóâèëëÿ,

ñ ðàñïðåäåëåííûìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî è Ðèìàíà � Ëè-

óâèëëÿ àíàëèòè÷åñêèå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ èññëåäîâàëèñü â

ðàáîòàõ Â. Å. Ôåäîðîâà è ñîàâòîðîâ [43,56,58,86].
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Öåëè è çàäà÷è

Öåëü äèññåðòàöèîííîé ðàáîòû çàêëþ÷àåòñÿ â èññëåäîâàíèè âîïðîñîâ îäíî-

çíà÷íîé ðàçðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ óðàâíåíèé, ðàçðåøåííûõ îòíî-

ñèòåëüíî ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà (â êâàçèëèíåéíîì ñëó÷àå �

îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà), à òàêæå âû-

ðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåð-

ñåñÿíà. Â ïåðâîì ñëó÷àå, íåâûðîæäåííîì, ðàññìîòðåíû êëàññû óðàâíåíèé ñ

îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì èëè ñ ñåêòîðèàëüíûì îïåðàòîðîì ïðè

èñêîìîé ôóíêöèè, ïðè ýòîì ðàññìàòðèâàåòñÿ íà÷àëüíàÿ çàäà÷à Äæðáàøÿ-

íà � Íåðñåñÿíà (ñì. âûøå). Â âûðîæäåííîì ñëó÷àå ïðåäïîëàãàåòñÿ îòíîñè-

òåëüíàÿ îãðàíè÷åííîñòü ëèáî ñåêòîðèàëüíîñòü ïàðû ëèíåéíûõ îïåðàòîðîâ â

óðàâíåíèè (ïðè ñòàðøåé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà è ïðè èñêî-

ìîé ôóíêöèè), âëåêóùàÿ ñóùåñòâîâàíèå ïàð èíâàðèàíòíûõ ïîäïðîñòðàíñòâ

èñõîäíûõ ïðîñòðàíñòâ. Ïðè ýòîì íà÷àëüíûå óñëîâèÿ Äæðáàøÿíà � Íåðñåñÿ-

íà çàäàþòñÿ íå äëÿ âñåé èñêîìîé ôóíêöèè, à òîëüêî äëÿ åå ïðîåêöèè íà ïîä-

ïðîñòðàíñòâî áåç âûðîæäåíèÿ. Ïîìèìî ëèíåéíûõ ðàññìàòðèâàþòñÿ êâàçèëè-

íåéíûå óðàâíåíèÿ. Êâàçèëèíåéíûå âûðîæäåííûå ýâîëþöèîííûå óðàâíåíèÿ

ðàññìàòðèâàþòñÿ ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà íåëèíåé-

íûé îïåðàòîð: ïðèíàäëåæíîñòü åãî îáðàçà ïîäïðîñòðàíñòâó áåç âûðîæäåíèÿ

èëè íåçàâèñèìîñòü îïåðàòîðà îò ýëåìåíòîâ ïîäïðîñòðàíñòâà áåç âûðîæäåíèÿ

èëè ïîäïðîñòðàíñòâà ñ âûðîæäåíèåì.

Çàäà÷åé ðàáîòû òàêæå ÿâëÿåòñÿ ïðèìåíåíèå ïîëó÷åííûõ àáñòðàêòíûõ

ðåçóëüòàòîâ äëÿ èññëåäîâàíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé è ñè-

ñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåð-

ñåñÿíà ïî âðåìåíè. À èìåííî, ðàçëè÷íûå íà÷àëüíî-êðàåâûå çàäà÷è äëÿ óðàâ-

íåíèé èëè ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ çà ñ÷åò âûáîðà êîí-

êðåòíûõ ïðîñòðàíñòâ è îïåðàòîðîâ ðåäóöèðóþòñÿ ê íà÷àëüíûì çàäà÷àì äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ, Ïîñëå ýòîãî îäíî-
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çíà÷íàÿ ðàçðåøèìîñòü èñõîäíûõ íà÷àëüíî-êðàåâûõ çàäà÷ äîêàçûâàåòñÿ ïðÿ-

ìûì ïðèìåíåíèåì óæå ïîëó÷åííûõ ðåçóëüòàòîâ äëÿ íà÷àëüíûõ çàäà÷ äëÿ

óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ.

Íàó÷íàÿ íîâèçíà

Íîâèçíà ïðåäñòàâëÿåìîé ðàáîòû çàêëþ÷àåòñÿ â òîì, ÷òî ðàíåå óðàâíåíèÿ ñ

äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà â áàíàõîâûõ ïðîñòðàíñòâàõ,

ñóäÿ ïî âñåìó, íå ðàññìàòðèâàëèñü. È åñëè ðåçóëüòàòû î ðàçðåøèìîñòè çà-

äà÷è Äæðáàøÿíà � Íåðñåñÿíà äëÿ íåâûðîæäåííîãî ëèíåéíîãî óðàâíåíèÿ ñ

îãðàíè÷åííûì îïåðàòîðîì â ïðàâîé ÷àñòè àíàëîãè÷íû ðåçóëüòàòàì êëàññè-

êîâ [13], òî ðåçóëüòàòû î òàêèõ æå çàäà÷àõ â ñëó÷àå íåîãðàíè÷åííîãî ëè-

íåéíîãî îïåðàòîðà â ïðàâîé ÷àñòè, à òàêæå â âûðîæäåííîì ñëó÷àå íèêàêèõ

àíàëîãîâ â ìàòåìàòè÷åñêîé ëèòåðàòóðå íå èìåþò.

Êðîìå òîãî, ïîëó÷åííûå ñ ïðèìåíåíèåì àáñòðàêòíûõ ðåçóëüòàòîâ óòâåð-

æäåíèÿ îá îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíå-

íèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ â áîëüøèíñòâå ñëó÷àåâ òàê-

æå ÿâëÿþòñÿ íîâûìè. Â ÷àñòíîñòè ýòî êàñàåòñÿ øèðîêèõ êëàññîâ óðàâíåíèé

ñ ìíîãî÷ëåíàìè îò ýëëèïòè÷åñêîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ïî ïðî-

ñòðàíñòâåííûì ïåðåìåííûì, êàê ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèç-

âîäíîé Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåíí�îé ïåðåìåííîé, òàê è âûðîæäåí-

íûõ.

Òåì ñàìûì, ðåçóëüòàòû, ïîëó÷åííûå â äàííîé ðàáîòå, ÿâëÿþòñÿ íîâûìè

è âíîñÿò âêëàä â òåîðèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíûìè ïðîèç-

âîäíûìè.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðàáîòû

Äèññåðòàöèîííàÿ ðàáîòà èìååò òåîðåòè÷åñêèé õàðàêòåð, îíà ïîñâÿùåíà èñ-

ñëåäîâàíèþ íîâûõ êëàññîâ çàäà÷ è ïîèñêàì ìåòîäîâ èõ èññëåäîâàíèÿ. Ðåçóëü-
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òàòû ðàáîòû ðàçâèâàþò òåîðèþ äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ

ïðîñòðàíñòâàõ, à òàêæå îáîáùàþò ðåçóëüòàòû òåîðèè ïîëóãðóïï îïåðàòîðîâ

íà ñëó÷àé óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà, è, òåì

ñàìûì, âíîñÿò âêëàä â ñîîòâåòñòâóþùèå ðàçäåëû ôóíêöèîíàëüíîãî àíàëèçà

è òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïðèêëàäíûå çàäà÷è ñ óðàâíåíèÿìè äðîáíîãî ïîðÿäêà, êîòîðûå ïîçâî-

ëÿåò èññëåäîâàòü ðàçâèòàÿ â ðàáîòå òåîðèÿ, èãðàþò çíà÷èìóþ ðîëü â ìåõà-

íèêå, ôèçèêå, áèîëîãèè è äð. îáëàñòÿõ íàóêè. Ïîëó÷åííûå ðåçóëüòàòû ïîçâî-

ëÿþò âûáèðàòü êîððåêòíóþ ïîñòàíîâêó çàäà÷ äëÿ êîíêðåòíûõ óðàâíåíèé è

ñèñòåì óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè, ïîìîãàþò îïðåäåëèòü íåêîòî-

ðûå ñâîéñòâà ñîîòâåòñòâóþùèõ ôèçè÷åñêèõ ñèñòåì, èññëåäîâàòü àëãîðèòìû

÷èñëåííîãî ïîèñêà èõ ðåøåíèé. Â ÷àñòíîñòè, èìåþùèåñÿ ðåçóëüòàòû îá îäíî-

çíà÷íîé ðàçðåøèìîñòè ïîìîãàþò îïðåäåëèòü, íàïðèìåð, âûáîð âèäà íà÷àëü-

íûõ óñëîâèé äëÿ èññëåäóåìîé çàäà÷è, çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ

çàäà÷à îäíîçíà÷íî ðàçðåøèìà. Äëÿ ëèíåéíûõ çàäà÷ ïîëó÷åííûå â ðàáîòå

ïðåäñòàâëåíèÿ ðåøåíèé äàþò èíôîðìàöèþ îá èõ ïîâåäåíèè, à äëÿ íåëèíåé-

íûõ � èñïîëüçóåìûé ìåòîä ñæèìàþùèõ îòîáðàæåíèé ìîæåò áûòü îñíîâîé

äëÿ ïîñòðîåíèÿ ÷èñëåííûõ ïðèáëèæåíèé ðåøåíèÿ.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ

Â äèññåðòàöèîííîé ðàáîòå èññëåäóþòñÿ íà÷àëüíûå çàäà÷è äëÿ óðàâíåíèé ñ

äðîáíûìè ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà, ëèíåéíûå è êâàçèëèíåé-

íûå, êàê ðàçðåøåííûå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé Äæðáàøÿíà �

Íåðñåñÿíà, òàê è âûðîæäåííûå, ñ íåîáðàòèìûì ëèíåéíûì îïåðàòîðîì ïðè

ýòîé ïðîèçâîäíîé.

Ëèíåéíûå óðàâíåíèÿ èññëåäóþòñÿ ñ ïîìîùüþ òåîðèè ðàçðåøàþùèõ ñå-

ìåéñòâ îïåðàòîðîâ, îáîáùàþùåé òåîðèþ ïîëóãðóïï îïåðàòîðîâ íà ñëó÷àé

óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè. Äëÿ íåâûðîæäåííîãî íåîäíîðîäíî-
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ãî ëèíåéíîãî óðàâíåíèÿ åäèíñòâåííîå ðåøåíèå çàäà÷è Äæðáàøÿíà � Íåðñå-

ñÿíà ïðåäñòàâëåíî â òåðìèíàõ ðàçðåøàþùèõ îïåðàòîðîâ. Ýòà ôîðìóëà ðå-

øåíèÿ ïîçâîëÿåò íåâûðîæäåííîå êâàçèëèíåéíîå óðàâíåíèå ðåäóöèðîâàòü ê

èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ, èññëåäîâàòü êîòîðîå óäàåòñÿ ñ ïî-

ìîùüþ òåîðåìû Áàíàõà î ñæèìàþùåì îòîáðàæåíèè â ñïåöèàëüíî ïîñòðîåí-

íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ.

Óðàâíåíèå, íå ðàçðåøèìîå îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîäíîé

ïî âðåìåíè, ðàññìàòðèâàåòñÿ ïðè óñëîâèè îòíîñèòåëüíîé îãðàíè÷åííîñòè èëè

ñåêòîðèàëüíîñòè ïàðû ëèíåéíûõ îïåðàòîðîâ â óðàâíåíèè. Ýòè óñëîâèÿ íà

îïåðàòîðû âëåêóò ñóùåñòâîâàíèå ïàð èíâàðèàíòíûõ ïîäïðîñòðàíñòâ â èñõîä-

íûõ ïðîñòðàíñòâàõ, ÷òî ïîçâîëÿåò èñõîäíóþ çàäà÷ó ðåäóöèðîâàòü ê ñèñòåìå

äâóõ çàäà÷ íà âçàèìíî äîïîëíèòåëüíûõ ïîäïðîñòðàíñòâàõ. Ïðè ýòîì óðàâ-

íåíèå íà ïîäïðîñòðàíñòâå áåç âûðîæäåíèÿ ðàçðåøåíî îòíîñèòåëüíî ñòàðøåé

ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà è èìååò îãðàíè÷åííûé èëè ñåêòîðè-

àëüíûé ëèíåéíûé îïåðàòîð â ïðàâîé ÷àñòè, à ïîòîìó èññëåäîâàíî âûøå. À

óðàâíåíèå íà ïîäïðîñòðàíñòâå âûðîæäåíèÿ ñîäåðæèò íèëüïîòåíòíûé îïå-

ðàòîð ïðè ñòàðøåé ïðîèçâîäíîé èëè âîîáùå ÿâëÿåòñÿ àëãåáðàè÷åñêèì, ÷òî

ñóùåñòâåííî îáëåã÷àåò äîêàçàòåëüñòâî åãî îäíîçíà÷íîé ðàçðåøèìîñòè.

Âûðîæäåííîå êâàçèëèíåéíîå óðàâíåíèå ðàññìàòðèâàåòñÿ ïðè äîïîëíè-

òåëüíûõ îãðàíè÷åíèÿõ íåñêîëüêèõ òèïîâ, ïðè êîòîðûõ óäàåòñÿ îïèñàííóþ

âûøå ñõåìó èññëåäîâàíèÿ äîâåñòè äî êîíöà: îáðàç íåëèíåéíîãî îïåðàòîðà

ëåæèò â ïîäïðîñòðàíñòâå áåç âûðîæäåíèÿ, ëèáî íåëèíåéíûé îïåðàòîð çàâè-

ñèò òîëüêî îò ýëåìåíòîâ ïîäïðîñòðàíñòâà áåç âûðîæäåíèÿ, ëèáî òîëüêî îò

ýëåìåíòîâ ïîäïðîñòðàíñòâà âûðîæäåíèÿ.

Ìåòîäîëîãèÿ èññëåäîâàíèÿ ðàññìîòðåííûõ â äèññåðòàöèè íà÷àëüíî-êðà-

åâûõ çàäà÷ äëÿ óðàâíåíèé èëè ñèñòåì ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ çàêëþ÷àåòñÿ â èõ ðåäóêöèè ê óæå èññëåäîâàííûì íà÷àëüíûì çàäà÷àì

äëÿ óðàâíåíèé â áàíàõîâîì ïðîñòðàíñòâå ïóòåì âûáîðà ïîäõîäÿùèõ îïåðà-

òîðîâ è ôóíêöèîíàëüíûõ ïðîñòðàíñòâ. Òàêîé ïîäõîä ïîçâîëÿåò ïðèìåíÿòü
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îäèí àáñòðàêòíûé ðåçóëüòàò äëÿ öåëîãî ðÿäà îäíîòèïíûõ, à èíîãäà î÷åíü

ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó

1. Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è Äæðáàøÿíà � Íåðñåñÿ-

íà äëÿ ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî

äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà, ñ îãðàíè÷åííûì îïåðà-

òîðîì â ïðàâîé ÷àñòè. Äëÿ êâàçèëèíåéíûõ óðàâíåíèé ñîîòâåòñòâóþùåãî

êëàññà óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ëîêàëüíîãî ðåøåíèÿ.

2. Ïîëó÷åíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è òèïà Øîóîëòå-

ðà � Ñèäîðîâà äëÿ ëèíåéíûõ íåîäíîðîäíûõ âûðîæäåííûõ ýâîëþöèîí-

íûõ óðàâíåíèé ñ ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà è ñ îòíîñèòåëüíî

îãðàíè÷åííîé ïàðîé îïåðàòîðîâ. Äëÿ êâàçèëèíåéíûõ óðàâíåíèé ñîîòâåò-

ñòâóþùåãî êëàññà óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ëîêàëüíîãî

ðåøåíèÿ ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ íà íåëèíåéíûé îïåðàòîð.

3. Íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ àíàëèòè÷åñêèõ ðàçðåøàþùèõ ñåìåéñòâ

îïåðàòîðîâ ëèíåéíûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîä-

íîé Äæðáàøÿíà � Íåðñåñÿíà. Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü

çàäà÷è Äæðáàøÿíà � Íåðñåñÿíà äëÿ ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé

ñ íåîãðàíè÷åííûì îïåðàòîðîì, ïîðîæäàþùèì àíàëèòè÷åñêîå â ñåêòî-

ðå ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ. Äëÿ êâàçèëèíåéíûõ óðàâíåíèé

ñîîòâåòñòâóþùåãî êëàññà óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ëî-

êàëüíîãî ðåøåíèÿ.

4. Íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ âûðîæäåííûõ àíàëèòè÷åñêèõ ðàçðåøà-

þùèõ ñåìåéñòâ îïåðàòîðîâ ëèíåéíûõ óðàâíåíèé ñ âûðîæäåííûì îïåðà-

òîðîì ïðè ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà. Èññëåäîâàíà îäíî-

çíà÷íàÿ ðàçðåøèìîñòü çàäà÷è òèïà Øîóîëòåðà � Ñèäîðîâà äëÿ ëèíåé-
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íûõ íåîäíîðîäíûõ óðàâíåíèé ñ ïàðîé íåîãðàíè÷åííûõ îïåðàòîðîâ, ïî-

ðîæäàþùåé âûðîæäåííîå àíàëèòè÷åñêîå ðàçðåøàþùåå ñåìåéñòâî îïåðà-

òîðîâ.

5. Îáùèå ðåçóëüòàòû èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðå-

øèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ âñòðå÷àþùèõñÿ â ïðèëîæåíèÿõ

óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ðàçðåøèìûõ è

íå ðàçðåøèìûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé Äæðáàøÿíà � Íåð-

ñåñÿíà ïî âðåìåíè.

Äèññåðòàöèîííàÿ ðàáîòà ñîîòâåòñòâóåò ñëåäóþùèì íàïðàâëåíèÿì, óêà-

çàííûì â ïàñïîðòå íàó÷íîé ñïåöèàëüíîñòè 1.1.2. Äèôôåðåíöèàëüíûå óðàâ-

íåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà:

1. Íà÷àëüíûå, êðàåâûå è ñìåøàííûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé è ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

2. Êà÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì äèô-

ôåðåíöèàëüíûõ óðàâíåíèé.

3. Íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è ñèñòåìû íåëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé.

4. Òåîðèÿ äèôôåðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé.

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ

Äîñòîâåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ îáîñíîâàíà ñòðîãîñòüþ ïðèìåíÿåìûõ

ìàòåìàòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ, êîððåêòíîñòüþ èñïîëüçîâàíèÿ ìàòå-

ìàòè÷åñêîãî àïïàðàòà.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü è îáñóæäàëèñü íà ñåìèíàðàõ

êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà ×åëÿáèíñêîãî ãîñóäàðñòâåííîãî óíèâåð-

ñèòåòà (ðóêîâîäèòåëü ïðîô. Â. Å. Ôåäîðîâ), íà Ìåæãîðîäñêîì íàó÷íî-èñ-

ñëåäîâàòåëüñêîì ñåìèíàðå ¾Íåêëàññè÷åñêèå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè¿

(ðóêîâîäèòåëü ïðîô. À. È. Êîæàíîâ), íà êîíôåðåíöèÿõ:
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Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Êîìïëåêñíûé àíàëèç, ìàòåìà-

òè÷åñêàÿ ôèçèêà è íåëèíåéíûå óðàâíåíèÿ¿, Óôà, 2021, 2022;

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Äèíàìè÷åñêèå ñèñòåìû è êîì-

ïüþòåðíûå íàóêè: òåîðèÿ è ïðèëîæåíèÿ¿, Èðêóòñê, 2021, 2022;

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è

è ðîäñòâåííûå ïðîáëåìû ìàòåìàòè÷åñêîé áèîëîãèè, èíôîðìàòèêè è ôèçèêè¿,

Íàëü÷èê, 2021, 2023;

International Conference on Di�erential and Functional Di�erential Equations,

Moscow, 2022;

International Conference on Di�erential Equations and Dynamical Systems,

Suzdal, 2022;

O.A. Ladyzhenskaya Centennial Conference on PDE's, St. Petersburg, 2022.

Èññëåäîâàíèÿ ïî òåìå äèññåðòàöèè ïðîâîäèëèñü â ðàìêàõ ïðîåêòîâ:

ïî ãðàíòó ÐÔÔÈ è Âüåòíàìñêîé àêàäåìèè íàóêè è òåõíîëîãèé êîíêóðñà

ñîâìåñòíûõ èíèöèàòèâíûõ ðîññèéñêî-âüåòíàìñêèõ íàó÷íî-èññëåäîâàòåëüñêèõ

ïðîåêòîâ, êîä ïðîåêòà 21-51-54003, òåìà ¾Ïðÿìûå è îáðàòíûå çàäà÷è, çàäà÷è

îïòèìàëüíîãî óïðàâëåíèÿ äëÿ íîâûõ êëàññîâ äðîáíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé¿ ïîä ðóêîâîäñòâîì Â. Å. Ôåäîðîâà, 2021�2022 ãã;

ïî ãðàíòó ôîíäà ïåðñïåêòèâíûõ íàó÷íûõ èññëåäîâàíèé ÔÃÁÎÓ ÂÎ

¾×åëÃÓ¿, òåìà ¾Çàäà÷è óïðàâëåíèÿ äëÿ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè ïî âðåìåíè¿ ïîä ðóêî-

âîäñòâîì Ì. Â. Ïëåõàíîâîé, 2021 ã.;

ïî ãðàíòó Ïðåçèäåíòà ÐÔ êîíêóðñà ãîñóäàðñòâåííîé ïîääåðæêè âåäó-

ùèõ íàó÷íûõ øêîë, êîä ïðîåêòà ÍØ-2708.2022.1.1, òåìà ¾Òåîðèÿ àíàëèòè÷å-

ñêèõ ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ ýâîëþöèîííûõ óðàâíåíèé ñ äðîáíû-

ìè ïðîèçâîäíûìè è åå ïðèëîæåíèÿ ê íà÷àëüíî-êðàåâûì çàäà÷àì¿ ïîä ðóêî-

âîäñòâîì Â. Å. Ôåäîðîâà, 2022 ã.;

ïî ãðàíòó ÐÍÔ è Ïðàâèòåëüñòâà ×åëÿáèíñêîé îáëàñòè êîíêóðñà ¾Ïðî-

âåäåíèå ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäîâàíèé è ïîèñêîâûõ íàó÷íûõ èñ-
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ñëåäîâàíèé ìàëûìè îòäåëüíûìè íàó÷íûìè ãðóïïàìè¿, êîä ïðîåêòà 22-21-

20095, òåìà ¾Íîâûå çàäà÷è òåîðèè âûðîæäåííûõ ýâîëþöèîííûõ ñèñòåì äðîá-

íîãî ïîðÿäêà. Ïðèëîæåíèÿ ê èññëåäîâàíèþ äèíàìèêè âÿçêîóïðóãèõ ñðåä¿

ïîä ðóêîâîäñòâîì Â. Å. Ôåäîðîâà, 2022�2023 ãã.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 20 ðàáîòàõ [90�111],

èç êîòîðûõ 9 ñòàòåé [90�97, 102, 106] îïóáëèêîâàíû â æóðíàëàõ, âõîäÿùèõ â

ïåðå÷åíü ðåöåíçèðóåìûõ íàó÷íûõ èçäàíèé ÂÀÊ, áàçû äàííûõ Web of Science

è Scopus.

Â ðàáîòå [90] Å. Ì. Èæáåðäååâîé ïðèíàäëåæàò ðåçóëüòàòû ïåðâîãî ïà-

ðàãðàôà, Â. Å. Ôåäîðîâûì è À. Ð. Âîëêîâîé íàïèñàí âòîðîé ïàðàãðàô. Â

ñòàòüå [92] Ì. Â. Ïëåõàíîâîé ïðèíàäëåæèò èäåÿ äîêàçàòåëüñòâà òåîðåìû 2,

Â. Å. Ôåäîðîâûì ââåäåíî îïðåäåëåíèå 1 è ïðåäëîæåíà ñõåìà èñïîëüçîâàíèÿ

òåîðåìû 1 äëÿ ïîëó÷åíèÿ îñíîâíîãî ðåçóëüòàòà. Â ðàáîòå [93] Ì. Â. Ïëåõà-

íîâîé ïðåäëîæåíà èäåÿ äîêàçàòåëüñòâà ëåììû 4, Â. Å. Ôåäîðîâûì ñôîðìó-

ëèðîâàíû îñíîâíûå ñâîéñòâà (L, σ)-îãðàíè÷åííûõ îïåðàòîðîâ è ïðåäëîæåíà

ñõåìà èõ èñïîëüçîâàíèÿ â �4 ñòàòüè. Ïîñòàíîâêà çàäà÷è â [94] è ñõåìà äîêàçà-

òåëüñòâà ëåììû 2 ïðèíàäëåæèò íàó÷íîìó ðóêîâîäèòåëþ Ì. Â. Ïëåõàíîâîé,

âñå îñòàëüíûå ðåçóëüòàòû ñòàòüè áûëè ïîëó÷åíû àâòîðîì äèññåðòàöèè ñà-

ìîñòîÿòåëüíî. Â ðàáîòå [95] Å. Ì. Èæáåðäååâà ïðîâåëà èññëåäîâàíèå çàäà÷,

ïîñòàíîâêà êîòîðûõ áûëà ïðåäëîæåíà Ì. Â. Ïëåõàíîâîé, ïîñëåäíåé òàêæå

áûëè ïîëó÷åíû îöåíêè íà íîðìó íåëèíåéíîãî îïåðàòîðà â äîêàçàòåëüñòâå

òåîðåìû 7. Â ðàáîòå [96] íàó÷íûì ðóêîâîäèòåëåì áûëà ïîñòàâëåíà çàäà÷à è

ïðåäëîæåíû èëëþñòðèðóþùèå ïðèìåðû â ðàçäåëå 6.1, ïîäðîáíîå ðàññìîòðå-

íèå êîòîðûõ áûëî ïðîâåäåíî àâòîðîì äèññåðòàöèè. Â ðàáîòå [97] íàó÷íûì

ðóêîâîäèòåëåì áûëà ïðåäëîæåíà ñõåìà äîêàçàòåëüñòâà òåîðåìû 2, àâòîðñòâî

âñåõ äîêàçàòåëüñòâ ïðèíàäëåæèò Å. Ì. Èæáåðäååâîé. Òàêèì îáðàçîì, èç ðà-

áîò, âûïîëíåííûõ â ñîàâòîðñòâå, â äèññåðòàöèþ âîøëè òîëüêî ðåçóëüòàòû,

ïðèíàäëåæàùèå ëè÷íî àâòîðó äèññåðòàöèè.
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Ñîäåðæàíèå ðàáîòû

Äèññåðòàöèîííàÿ ðàáîòà îáúåìîì â 133 ñòðàíèöû ñîäåðæèò ââåäåíèå, 3 ãëà-

âû, çàêëþ÷åíèå, ñïèñîê îáîçíà÷åíèé è ñîãëàøåíèé, ñïèñîê ëèòåðàòóðû, ñî-

ñòîÿùèé èç 111 èñòî÷íèêîâ.

Â ïåðâîé ãëàâå â �1.1 îïðåäåëåíû äðîáíûå ïðîèçâîäíûå Äæðáàøÿ-

íà � Íåðñåñÿíà è ïîëó÷åíà ôîðìóëà ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ íèõ. Çàòåì

â �1.2 äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ çà-

äà÷è Äæðáàøÿíà � Íåðñåñÿíà

Dσkz(t0) = zk, k = 0, 1, . . . , n− 1, (0.0.1)

äëÿ ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé Äæðáàøÿíà �

Íåðñåñÿíà, à â �1.4 � äëÿ ñîîòâåòñòâóþùåãî íåîäíîðîäíîãî óðàâíåíèÿ

Dσnz(t) = Az(t) + f(t) (0.0.2)

ñ îãðàíè÷åííûì îïåðàòîðîì A ∈ L(Z) è ôóíêöèåé f ∈ C([0, T ];Z), ãäå Z �

áàíàõîâî ïðîñòðàíñòâî. Ïðè ýòîì ïîêàçàíî, ÷òî ðåøåíèå ïðè t0 = 0 èìååò

âèä

z(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnA)zk +

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds, (0.0.3)

ãäå Ea,b(z) � ôóíêöèè Ìèòòàã-Ëåôôëåðà.

Â �1.5 ïîêàçàíî, ÷òî ëþáàÿ êîìïîçèöèÿ äâóõ äðîáíûõ ïðîèçâîäíûõ Ãå-

ðàñèìîâà � Êàïóòî è/èëè Ðèìàíà � Ëèóâèëëÿ ïðåäñòàâëÿåò ñîáîé ïðîèç-

âîäíóþ Äæðáàøÿíà � Íåðñåñÿíà, à â �1.6 àíàëîãè÷íûé ôàêò äîêàçàí äëÿ

êîìïîçèöèè ëþáîãî ÷èñëà ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî è Ðèìàíà �

Ëèóâèëëÿ.

Ôîðìóëà ðåøåíèÿ (0.0.3) ïîçâîëèëà ðåäóöèðîâàòü çàäà÷ó (0.0.1) äëÿ

êâàçèëèíåéíîãî óðàâíåíèÿ ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà

Dσnz(t) = Az(t) +B(t,Dσ0z(t), Dσ1z(t), . . . , Dσn−1z(t)) (0.0.4)
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c íåïðåðûâíî äèôôåðåíöèðóåìûì ïî ñîâîêóïíîñòè ïåðåìåííûõ îòîáðàæåíè-

åì B ê èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ

z(t) =
n−1∑
k=0

(t−t0)σkEσn,σk+1((t−t0)σnA)zk+
t∫

t0

(t−s)σn−1Eσn,σn((t−s)σnA)Bz(s)ds,

ãäå Bz(s) := B(s,Dσ0z(s), Dσ1z(s), . . . , Dσn−1z(s)). Â �1.7 äîêàçàíà îäíîçíà÷-

íàÿ ðàçðåøèìîñòü òàêîãî óðàâíåíèÿ â ïðîñòðàíñòâå C{αk}n0 ([t0, t0+τ ];Z) (ïðè

äîñòàòî÷íî ìàëîì τ > 0), ñâîéñòâà êîòîðîãî èññëåäîâàíû â �1.3.

Â �1.8 ïîëó÷åííûå àáñòðàêòíûå ðåçóëüòàòû î ðàçðåøèìîñòè ëèíåéíî-

ãî è êâàçèëèíåéíîãî óðàâíåíèé ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà

èñïîëüçîâàíû ïðè èññëåäîâàíèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ

ìíîãî÷ëåíàìè îò ýëëèïòè÷åñêîãî îïåðàòîðà âûñîêîãî ïîðÿäêà, äèôôåðåíöè-

àëüíîãî ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, è ñ ïðîèçâîäíûìè Äæðáàøÿíà �

Íåðñåñÿíà ïî âðåìåíè. Ïðè ýòîì ìíîãî÷ëåí ïðè ñòàðøåé ïðîèçâîäíîé íå äîë-

æåí îáðàùàòüñÿ â íóëü íà ñïåêòðå ýëëèïòè÷åñêîãî îïåðàòîðà è äîëæåí èìåòü

ñòåïåíü íå íèæå ñòåïåíè ìíîãî÷ëåíà ïðè èñêîìîé ôóíêöèè.

Âî âòîðîé ãëàâå ðàññìàòðèâàåòñÿ óðàâíåíèå ñ âûðîæäåííûì îïåðà-

òîðîì ïðè ñòàðøåé ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà ïðè óñëîâèè îò-

íîñèòåëüíîé îãðàíè÷åííîñòè ïàðû îïåðàòîðîâ â ëèíåéíîé ÷àñòè óðàâíåíèÿ.

Â �2.1 ïðèâåäåíû îïðåäåëåíèå è èçâåñòíûå ñâîéñòâà òàêèõ ïàð îïåðàòîðîâ, â

÷àñòíîñòè ñóùåñòâîâàíèå èíâàðèàíòíûõ ïàð ïîäïðîñòðàíñòâ áàíàõîâûõ ïðî-

ñòðàíñòâ X è Y , â êîòîðûõ äåéñòâóþò îïåðàòîðû óðàâíåíèÿ. Â �2.2 ïîëó÷åíà

òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Øîóîëòåðà � Ñèäîðîâà

DσkPz(t0) = zk, k = 0, 1, . . . , n− 1, (0.0.5)

ãäå P � ïðîåêòîð íà ïîäïðîñòðàíñòâî áåç âûðîæäåíèÿ X 1 âäîëü ïîäïðî-

ñòðàíñòâà âûðîæäåíèÿX 0, äëÿ âûðîæäåííîãî ëèíåéíîãî íåîäíîðîäíîãî óðàâ-

íåíèÿ

DσnLx(t) =Mx(t) + g(t) (0.0.6)
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ñ îòíîñèòåëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ (L,M), kerL ̸= {0}. Ïðè ýòîì
çàäà÷à ðåäóöèðóåòñÿ ê ñèñòåìå çàäà÷è Äæðáàøÿíà � Íåðñåñÿíà äëÿ óðàâíå-

íèÿ âèäà (0.0.2) è óðàâíåíèÿ ñ íèëüïîòåíòíûì îïåðàòîðîì ïðè ïðîèçâîäíîé

Äæðáàøÿíà � Íåðñåñÿíà áåç íà÷àëüíûõ óñëîâèé.

Â �2.3�2.5 àíàëîãè÷íàÿ ñõåìà èñïîëüçîâàíà äëÿ èññëåäîâàíèÿ ëîêàëü-

íîé îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Øîóîëòåðà � Ñèäîðîâà (0.0.5) äëÿ

êâàçèëèíåéíîãî óðàâíåíèÿ

DσnLx(t) =Mx(t) +N(t,Dσ0x(t), Dσ1x(t), . . . , Dσn−1x(t)). (0.0.7)

Â �2.3 äëÿ ýòîãî èñïîëüçîâàíî óñëîâèå ïðèíàäëåæíîñòè îáðàçà íåëèíåéíîãî

îïåðàòîðà N ïîäïðîñòðàíñòâó áåç âûðîæäåíèÿ, â �2.4 � óñëîâèå çàâèñèìî-

ñòè îïåðàòîðà N òîëüêî îò ýëåìåíòîâ ïîäïðîñòðàíñòâà âûðîæäåíèÿ X 0, â

�2.5 � óñëîâèå çàâèñèìîñòè íåëèíåéíîãî îïåðàòîðà N òîëüêî îò ýëåìåíòîâ

ïîäïðîñòðàíñòâà áåç âûðîæäåíèÿ X 1.

Â �2.6 èññëåäóåòñÿ êëàññ íà÷àëüíî-êðàåâûõ çàäà÷, àíàëîãè÷íûé êëàñ-

ñó èç �1.8, íî ïðè óñëîâèè îáðàùåíèÿ â íóëü ìíîãî÷ëåíà ïðè ñòàðøåé ïðî-

èçâîäíîé íà ñïåêòðå ýëëèïòè÷åñêîãî îïåðàòîðà. Â �2.7 ïðèâåäåíû ïðèìåðû

âûðîæäåííûõ íåëèíåéíûõ ñèñòåì óðàâíåíèé, ëåæàùèõ â êàæäîì èç êëàññîâ,

èçó÷åííûõ â �2.3�2.5, â �2.8 äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü íà÷àëüíî-

êðàåâîé çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Ñêîòò-Áëýðà ñ ïðîèçâîäíîé Äæðáà-

øÿíà � Íåðñåñÿíà ïî âðåìåíè.

Â �2.9 äîêàçàíà êîððåêòíîñòü ëèíåéíîé îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ

(0.0.2) ñ îãðàíè÷åííûì îïåðàòîðîì A, c ïîñòîÿííûì íåèçâåñòíûì ïàðàìåò-

ðîì è óñëîâèåì ïåðåîïðåäåëåíèÿ, çàäàâàåìûì èíòåãðàëîì Ñòèëòüåñà. Â �2.10

ýòîò ðåçóëüòàò áûë èñïîëüçîâàí äëÿ äîêàçàòåëüñòâà êîððåêòíîñòè àíàëîãè÷-

íîé îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ (0.0.6). Â �2.11 áûëà ðàññìîòðåíà îáðàò-

íàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Êåëüâèíà � Ôîéãòà äðîáíîãî ïîðÿäêà ïî

âðåìåíè.

Â òðåòüåé ãëàâå èññëåäóåòñÿ ðàçðåøèìîñòü íà÷àëüíûõ çàäà÷ äëÿ óðàâ-
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íåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ ñ ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà,

ëèíåéíàÿ ÷àñòü êîòîðûõ ïîðîæäàåò àíàëèòè÷åñêîå â ñåêòîðå ðàçðåøàþùåå

ñåìåéñòâî îïåðàòîðîâ. Â �3.1 ââîäÿòñÿ â ðàññìîòðåíèå ðàçðåøàþùèå ñåìåé-

ñòâà îïåðàòîðîâ óðàâíåíèÿ

Dσnz(t) = Az(t), (0.0.8)

èññëåäîâàíû èõ ñâîéñòâà, âîïðîñû ñóùåñòâîâàíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.

Â �3.2 ââåäåí â ðàññìîòðåíèå êëàññ ëèíåéíûõ çàìêíóòûõ îïåðàòîðîâ A{αk},

ïîêàçàíà íåîáõîäèìîñòü è äîñòàòî÷íîñòü óñëîâèÿ ïðèíàäëåæíîñòè îïåðàòîðà

A ýòîìó êëàññó äëÿ ñóùåñòâîâàíèÿ àíàëèòè÷åñêîãî â ñåêòîðå ðàçðåøàþùåãî

ñåìåéñòâà îïåðàòîðîâ óðàâíåíèÿ (0.0.8). Â �3.3 äîêàçàíà îäíîçíà÷íàÿ ðàçðå-

øèìîñòü çàäà÷è (0.0.1), (0.0.2) ïðè A ∈ A{αk}, f ∈ Cγ([0, T ];Z)∪C([0, T ];DA),

γ ∈ (0, 1], ãäåDA � îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A, ñíàáæåííàÿ åãî íîðìîé

ãðàôèêà. Â �3.4 ïîëó÷åíà òåîðåìà îá àääèòèâíîì âîçìóùåíèè êëàññà îïå-

ðàòîðîâ A{αk}. Àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû â �3.5 ïðè èçó÷åíèè

íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Îëäðîéäà ñ ïðîèçâîäíûìè

Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåíè.

Â �3.6 îïðåäåëåí êëàññ ïàð îïåðàòîðîâ H{αk}, ïðèíàäëåæíîñòü êîòî-

ðîìó ïàðû (L,M) âëå÷åò ñóùåñòâîâàíèå ïàð èíâàðèàíòíûõ ïîäïðîñòðàíñòâ

áàíàõîâûõ ïðîñòðàíñòâ X è Y , â êîòîðûõ äåéñòâóþò îïåðàòîðû. Ýòî ïîçâî-
ëèëî ðåäóöèðîâàòü âûðîæäåííîå óðàâíåíèå (0.0.6) ñ ïàðîé (L,M) ∈ H{αk}

ê ñèñòåìå óðàâíåíèÿ âèäà (0.0.2) ñ îïåðàòîðîì A ∈ A{αk} è àëãåáðàè÷åñêî-

ãî óðàâíåíèÿ íà âçàèìíî äîïîëíèòåëüíûõ ïîäïðîñòðàíñòâàõ, â �3.7 ïîñòðî-

èòü âûðîæäåííûå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ óðàâíåíèÿ (0.0.6), à

â �3.8 � äîêàçàòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Øîóîë-

òåðà � Ñèäîðîâà (0.0.5) äëÿ âûðîæäåííîãî ëèíåéíîãî óðàâíåíèÿ (0.0.6). Â

�3.9 ýòè ðåçóëüòàòû èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ íà÷àëüíî-êðàåâûõ çàäà÷

äëÿ óðàâíåíèé ñ ìíîãî÷ëåíàìè îò ýëëèïòè÷åñêîãî îïåðàòîðà âûñîêîãî ïîðÿä-

êà, äèôôåðåíöèàëüíîãî ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ñ ïðîèçâîäíûìè
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Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåíè. Ïðè ýòîì, â îòëè÷èå îò �1.8 è �2.6, ìíî-

ãî÷ëåí ïðè ñòàðøåé ïðîèçâîäíîé èìååò ñòåïåíü íèæå ñòåïåíè ìíîãî÷ëåíà ïðè

èñêîìîé ôóíêöèè.

Â çàêëþ÷åíèè ãîâîðèòñÿ î ïåðñïåêòèâàõ èñïîëüçîâàíèÿ ðåçóëüòàòîâ

äèññåðòàöèîííîé ðàáîòû è ðàçâèòèÿ åå òåìàòèêè.

Èñïîëüçóåìûå ïî óìîë÷àíèþ â òåêñòå äèññåðòàöèè îáîçíà÷åíèÿ è ñî-

ãëàøåíèÿ ïåðå÷èñëåíû â ñïèñêå îáîçíà÷åíèé è ñîãëàøåíèé.

Ñïèñîê ëèòåðàòóðû ñîäåðæèò öèòèðîâàííûå â ðàáîòå èñòî÷íèêè. Â êîí-

öå ñïèñêà ïðèâåäåíû âñå ïóáëèêàöèè àâòîðà ïî òåìå äèññåðòàöèîííîé ðàáîòû.
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1. Óðàâíåíèÿ ñ îãðàíè÷åííûì îïåðàòîðîì

1.1. Äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñåñÿíà

Ðàññìîòðèì äðîáíóþ ïðîèçâîäíóþ Äæðáàøÿíà � Íåðñåñÿíà, êîòîðàÿ ÿâëÿ-

åòñÿ îáîáùåíèåì äâóõ õîðîøî èçâåñòíûõ äðîáíûõ ïðîèçâîäíûõ: Ðèìàíà �

Ëèóâèëëÿ è Ãåðàñèìîâà � Êàïóòî [13]. Ïðèâåäåì èõ îïðåäåëåíèÿ.

Ïóñòü α > 0, z : (0, T ] → Z äëÿ íåêîòîðîãî T > 0 è áàíàõîâà ïðîñòðàí-

ñòâà Z . Äðîáíûé èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α > 0 ôóíêöèè z

èìååò âèä

Jαt z(t) :=

t∫
0

(t− s)α−1

Γ(α)
z(s)ds, t > 0.

Èíòåãðàë çäåñü è äàëåå ïîíèìàåòñÿ â ñìûñëå Áîõíåðà. Äðîáíàÿ ïðîèçâîäíàÿ

Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α > 0 ôóíêöèè z îïðåäåëÿåòñÿ êàê

RDα
t z(t) := Dm

t J
m−α
t z(t),

ãäå m − 1 < α ≤ m ∈ N, Dm
t := dm

dtm � ïðîèçâîäíàÿ öåëîãî ïîðÿäêà. Äà-

ëåå èñïîëüçóþòñÿ îáîçíà÷åíèÿ RDα
t := Dα

t , D
−α
t := Jαt äëÿ α > 0. Äðîáíàÿ

ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî ïîðÿäêà α > 0 îïðåäåëÿåòñÿ êàê

CDα
t z(t) :=

RDα
t

(
z(t)−

m−1∑
k=0

Dkz(0)
tk

k!

)
.

Ïóñòü {αk}n0 = {α0, α1, . . . , αn} � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë,

óäîâëåòâîðÿþùèõ óñëîâèþ 0 < αk ≤ 1, k = 0, 1, . . . , n ∈ N. Îáîçíà÷èì

σk :=
k∑
j=0

αj − 1, k = 0, 1, . . . , n,

ñëåäîâàòåëüíî −1 < σk ≤ k − 1. Äàëåå âåçäå ïðåäïîëàãàåòñÿ âûïîëíåíèå

óñëîâèÿ σn > 0. Îïðåäåëèì ñëåäóþùèå äèôôåðåíöèàëüíûå îïåðàöèè

Dσ0z(t) := Dα0−1
t z(t), (1.1.1)
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Dσkz(t) := Dαk−1
t D

αk−1

t D
αk−2

t . . . Dα0
t z(t), k = 1, 2, . . . , n. (1.1.2)

Äðîáíîå äèôôåðåíöèðîâàíèå Äæðáàøÿíà � Íåðñåñÿíà ïîðÿäêà σn, àññîöèè-

ðîâàííîå ñ ïîñëåäîâàòåëüíîñòüþ {αk}n0 , îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (1.1.1),
(1.1.2).

Ïðè α0 ∈ (0, 1), αk = 1, k = 1, 2, . . . , n äðîáíàÿ ïðîèçâîäíàÿ Äæð-

áàøÿíà � Íåðñåñÿíà ïðåäñòàâëÿåò ñîáîé ïðîèçâîäíóþ Ðèìàíà � Ëèóâèëëÿ:

Dσnz(t) = Dn−1+α0
t z(t); ïðè αk = 1, k = 0, 1, . . . , n − 1, αn ∈ (0, 1) ïîëó÷àåì

äðîáíóþ ïðîèçâîäíóþ Ãåðàñèìîâà � Êàïóòî: Dσnz(t) = CDn−1+αn
t z(t).

Ïóñòü z : R+ → Z, α > 0,m = ⌈α⌉ è ñóùåñòâóåò ïðåîáðàçîâàíèå Ëàïëà-
ñà ôóíêöèè z, êîòîðîå ìû áóäåì îáîçíà÷àòü êàê ẑ, a äëÿ ñëèøêîì áîëüøèõ

âûðàæåíèé äëÿ z îáîçíà÷èì êàê Lap[z]. Èçâåñòíî, ÷òî äëÿ ïðåîáðàçîâàíèÿ

Ëàïëàñà äðîáíîé ïðîèçâîäíîé Ðèìàíà � Ëèóâèëëÿ ñïðàâåäëèâà ôîðìóëà

D̂α
t z(λ) = λαẑ(λ)−

m−1∑
k=0

λkDα−m+k
t z(0).

Ñëåäîâàòåëüíî,

D̂σnz(λ) = λαn−1Lap[D
αn−1

t D
αn−2

t . . . Dα0
t z](λ) =

= λαn−1+αn−1Lap[D
αn−2

t D
αn−3

t . . . Dα0
t z](λ)− λαn−1Dσn−1z(0) =

= λαn−2+αn−1+αn−1Lap[D
αn−3

t . . . Dα0
t z](λ)− λαn−1Dσn−1z(0)−

−λαn−1+αn−1Dσn−2z(0) = · · · =

= λα1+α2+···+αn−1D̂α0
t z(λ)− λαn−1Dσn−1z(0)− λαn−1+αn−1Dσn−2z(0)−

− · · · − λα2+α3+···+αn−1Dσ1z(0) =

= λα0+α1+···+αn−1ẑ(λ)− λαn−1Dσn−1z(0)− λαn−1+αn−1Dσn−2z(0)−

− · · · − λα1+α2+···+αn−1Dσ0z(0) =

= λσn ẑ(λ)− λσn−σn−1−1Dσn−1z(0)− λσn−σn−2−1Dσn−2z(0)− · · ·−

−λσn−σ0−1Dσ0z(0) = λσn ẑ(λ)−
n−1∑
k=0

λσn−σk−1Dσkz(0). (1.1.3)
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Ôóíêöèÿ f : [a, b] → Z , ãäå a, b ∈ R, a < b, Z � áàíàõîâî ïðîñòðàí-

ñòâî, íàçûâàåòñÿ àáñîëþòíî íåïðåðûâíîé íà [a, b], åñëè äëÿ ëþáîãî ε > 0

íàéäåòñÿ òàêîå δ > 0, ÷òî äëÿ ëþáîãî êîíå÷íîãî íàáîðà íåïåðåñåêàþùèõñÿ

èíòåðâàëîâ {(ai, bi) ⊂ [a, b], i = 1, 2, . . . , p}, óäîâëåòâîðÿþùåãî íåðàâåíñòâó
p∑
i=1

(bi−ai) < δ, âûïîëíÿåòñÿ
p∑
i=1

∥f(bi)−f(ai)∥Z < ε. Ìíîæåñòâî âñåõ àáñîëþò-

íî íåïðåðûâíûõ ôóíêöèé íà [a, b] ñî çíà÷åíèÿìè â Z îáîçíà÷èì AC([a, b];Z).

Ôóíêöèÿ f : (a, b) → Z , ãäå a ≥ −∞, b ≤ ∞, íàçûâàåòñÿ àáñîëþòíî

íåïðåðûâíîé íà èíòåðâàëå (a, b), åñëè îíà àáñîëþòíî íåïðåðûâíà íà ëþáîì

îòðåçêå, ëåæàùåì â (a, b). Àíàëîãè÷íî îïðåäåëÿþòñÿ àáñîëþòíî íåïðåðûâ-

íûå ôóíêöèè íà ïîëóèíòåðâàëàõ [a, b), (a, b]. Ñîîòâåòñòâóþùèå êëàññû àáñî-

ëþòíî íåïðåðûâíûõ ôóíêöèé îáîçíà÷àþòñÿ êàê AC((a, b);Z), AC([a, b);Z),

AC((a, b];Z).

Èçâåñòíî, ÷òî àáñîëþòíî íåïðåðûâíàÿ ñêàëÿðíàÿ ôóíêöèÿ (Z = C)
ïî÷òè âñþäó äèôôåðåíöèðóåìà. Â îáùåì ñëó÷àå ýòî âåðíî òîëüêî äëÿ áàíà-

õîâûõ ïðîñòðàíñòâ Z , îáëàäàþùèõ ñâîéñòâîì Ðàäîíà � Íèêîäèìà, â ÷àñòíî-

ñòè äëÿ ðåôëåêñèâíûõ áàíàõîâûõ ïðîñòðàíñòâ [49, ñëåäñòâèå 1.2.7]. Íî åñëè

f ∈ AC([a, b];Z) èìååò ïðîèçâîäíóþ ïî÷òè âñþäó íà [a, b], òî (ñì. [49, ïðåä-

ëîæåíèå 1.2.3]) f èíòåãðèðóåìà ïî Áîõíåðó è

f(t) = f(a) +

b∫
a

f ′(s)ds.

Îáðàòíî, åñëè g èíòåãðèðóåìà ïî Áîõíåðó íà [a, b], òî (ñì. [49, ïðåäëîæå-

íèå 1.2.2])
t∫

a

g(s)ds ∈ AC([a, b];Z).

1.2. Ëèíåéíîå îäíîðîäíîå óðàâíåíèå

Ïóñòü Z � áàíàõîâî ïðîñòðàíñòâî, L(Z) � áàíàõîâà àëãåáðà âñåõ ëèíåé-

íûõ îãðàíè÷åííûõ îïåðàòîðîâ â Z , A ∈ L(Z), Dσn � äðîáíàÿ ïðîèçâîä-
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íàÿ Äæðáàøÿíà � Íåðñåñÿíà, êîòîðàÿ îïðåäåëåíà íàáîðîì ÷èñåë {αk}n0 =

{α0, α1, . . . , αn}, 0 < αk ≤ 1, k = 0, 1, . . . , n ∈ N, σn > 0. Ðàññìîòðèì óðàâíå-

íèå

Dσnz(t) = Az(t), t > 0, (1.2.1)

ñ íà÷àëüíûìè óñëîâèÿìè

Dσkz(0) = zk, k = 0, 1, . . . , n− 1. (1.2.2)

Ôóíêöèÿ z ∈ C(R+;Z) ∩ L1,loc(R+;Z) íàçûâàåòñÿ ðåøåíèåì çàäà÷è

(1.2.1), (1.2.2), åñëè Dσk
t z ∈ AC(R+;Z), k = 0, 1, . . . , n− 1, Dσn

t z ∈ C(R+;Z),

ðàâåíñòâî (1.2.1) âûïîëíÿåòñÿ äëÿ âñåõ t ∈ R+ è âûïîëíåíû óñëîâèÿ (1.2.2).

Ïóñòü ðåøåíèå çàäà÷è (1.2.1), (1.2.2) èìååò ïðåîáðàçîâàíèå Ëàïëàñà,

òîãäà â ñèëó óðàâíåíèÿ (1.2.1)

λσn ẑ(λ)−
n−1∑
k=0

λσn−σk−1Dσkz(0) = Aẑ(λ). (1.2.3)

Ïðè ôèêñèðîâàííîì çíà÷åíèè l ∈ {0, 1, . . . , n− 1} ðàññìîòðèì çàäà÷ó

Dσlz(0) = zl, Dσkz(0) = 0, k ∈ {0, 1, . . . , n− 1} \ {l}. (1.2.4)

äëÿ óðàâíåíèÿ (1.2.1). Åñëè åå ðåøåíèå èìååò ïðåîáðàçîâàíèå Ëàïëàñà, òî

ðàâåíñòâî (1.2.3) äëÿ íåãî èìååò âèä

λσn ẑ(λ)− λσn−σl−1zl = Aẑ(λ).

Îòñþäà èìååì

ẑ(λ) = λσn−σl−1(λσnI − A)−1zl,

z(t) =
1

2πi

∫
γ

λσn−σl−1(λσnI − A)−1eλtdλ zl,

ãäå γ = {λ = re−iπ ∈ C : r ∈ (∞, a]} ∪ {λ = aeiφ ∈ C : φ ∈ (−π, π)} ∪ {λ =

reiπ ∈ C : r ∈ [a;∞)} ïðè a > ∥A∥1/σnL(Z).
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Òàêèì îáðàçîì, îïðåäåëèì îïåðàòîðû äëÿ k = 0, 1, . . . , n− 1

Zk(t) :=
1

2πi

∫
γ

λσn−σk−1
(
λσnI − A

)−1
eλtdλ, t > 0.

Çàìåòèì, ÷òî â ñèëó îãðàíè÷åííîñòè îïåðàòîðà A

Zk(t) =
∞∑
j=0

Aj

2πi

∫
γ

λ−σk−1−jσneλtdλ =
∞∑
j=0

tjσn+σkAj

2πi

∫
γt

eνdν

νjσn+σk+1
=

=
∞∑
j=0

tjσn+σkAj

Γ(jσn + σk + 1)
= tσkEσn,σk+1(t

σnA).

Çäåñü èñïîëüçîâàíû êîíòóð γt := {tµ : µ ∈ γ} è ôóíêöèÿ Ìèòòàã � Ëåôôëå-

ðà

Eα,β(Z) =
∞∑
j=0

Zj

Γ(αj + β)
, Z ∈ L(Z).

Çàìå÷àíèå 1.2.1. Çàìåòèì, ÷òî ïðè k = 1, 2, . . . , n− 1

Zk(t) := Jα1+α2+···+αk
t Z0(t).

Ëåììà 1.2.1. Ïóñòü A ∈ L(Z), zl ∈ Z äëÿ l ∈ {0, . . . , n − 1}, αn + σl > 0.

Òîãäà ôóíêöèÿ Zl(t) = tσlEσn,σl+1(t
σnA) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì

çàäà÷è (1.2.1), (1.2.4).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ αn + σl > 0 âûïîë-

íÿåòñÿ òàêæå íåðàâåíñòâî σn > 0. Èìååì

Dσ0tσlEσn,σl+1(t
σnA) = Dα0−1

t

∞∑
j=0

tjσn+σlAj

Γ(jσn + σl + 1)
=

∞∑
j=0

tjσn+σl−σ0Aj

Γ(jσn + σl − σ0 + 1)
,

σl−σ0 > 0 äëÿ l = 1, 2, . . . , n−1, òàêèì îáðàçîì, Dσ0Zl(0) = 0, Dσ0Z0(0) = I.

Äëÿ k ∈ {0, 1, . . . , l}

DσkZl(t) = Dαk−1
t D

αk−1

t D
αk−2

t . . . Dα0
t Zl(t) =

∞∑
j=0

tjσn+σl−σkAj

Γ(jσn + σl − σk + 1)
,
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ïðè k < l σl − σk = αk+1 + αk+2 + · · · + αl > 0, ñëåäîâàòåëüíî, DσkZl(0) = 0,

DσlZl(0) = I.

Äàëåå,

Dσl+1Zl(t) = D
αl+1−1
t Dαl

t D
αl−1

t . . . Dα0
t Zl(t) = D

αl+1−1
t Dαl

t

∞∑
j=0

tjσn+αl−1Aj

Γ(jσn + αl)
=

= D
αl+1−1
t D1

t

∞∑
j=0

tjσnAj

Γ(jσn + αl)
= D

αl+1−1
t

∞∑
j=1

tjσn−1Aj

Γ(jσn)
=

=
∞∑
j=1

tjσn+σl−σl+1Aj

Γ(jσn + σl − σl+1 + 1)
,

ïðè k ∈ {l + 1, l + 2, . . . , n− 1}

DσkZl(t) =
∞∑
j=1

tjσn+σl−σkAj

Γ(jσn + σl − σk + 1)
.

Äëÿ l ∈ {0, 1, . . . , n− 2}, k ∈ {l + 1, l + 2, . . . , n− 1} èìååì

σn + σl − σk ≥ σn + σl − σn−1 = αn + σl > 0,

ñëåäîâàòåëüíî, DσkZl(0) = 0.

Íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü ôóíêöèé DσkZl íà R+ âëå÷åò èõ

àáñîëþòíóþ íåïðåðûâíîñòü.

Íàêîíåö,

DσnZl(t) =
∞∑
j=1

tjσn+σl−σnAj

Γ(jσn + σl − σn + 1)
= A

∞∑
j=0

tjσn+σlAj

Γ(jσn + σl + 1)
= AZl(t).

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ. Ïðåäïîëîæèì, ÷òî z1(t) è z2(t) �

äâà ðåøåíèÿ çàäà÷è (1.2.1), (1.2.4), òîãäà y(t) = z1(t) − z2(t) ÿâëÿåòñÿ ðå-

øåíèåì çàäà÷è Dσky(0) = 0, k = 0, 1, . . . , n − 1, äëÿ óðàâíåíèÿ (1.2.1). Ïî-

äåéñòâóåì íà îáå ÷àñòè óðàâíåíèÿ (1.2.1) äðîáíûì èíòåãðàëüíûì îïåðàòîðîì

Jαn
t è ïîëó÷èì Dσn−1y(t) = Jαn

t Ay(t) + Dσn−1y(0) = Jαn
t Ay(t) ñ ó÷åòîì íóëå-

âûõ íà÷àëüíûõ óñëîâèé è àáñîëþòíîé íåïðåðûâíîñòè Dσn−1y(t). Ïîäåéñòâî-

âàâ èíòåãðàëüíûì îïåðàòîðîì J
αn−1

t , ïîëó÷èì Dσn−2y(t) = J
αn−1+αn

t Ay(t) +
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Dσn−2y(0) = J
αn−1+αn

t Ay(t). Ïðîäîëæàÿ ýòîò ïðîöåññ, ïðèäåì ê ðàâåíñòâó

Dσ0y(t) = Jα1+α2+···+αn
t Ay(t) = Jσnt AD

σ0y(t) â ñèëó íåïðåðûâíîñòè îïåðàòîðà

A. Âîçüìåì x(t) = Dσ0y(t) è ðàññìîòðèì óðàâíåíèå

x(t) = Jσnt Ax(t). (1.2.5)

Èìååì

∥Jσnt Ax1−J
σn
t Ax2∥C([0,T ];Z) ≤

T σn∥A∥L(Z)

Γ(σn + 1)
∥x1−x2∥C([0,T ];Z) = q∥x1−x2∥C([0,T ];Z)

ïðè q ∈ (0, 1), T = (Γ(σn+1)q/∥A∥L(Z))
1/σn. Ïîýòîìó åäèíñòâåííûì ðåøåíèåì

óðàâíåíèÿ (1.2.5) â ïðîñòðàíñòâå C([0, T ];Z) ÿâëÿåòñÿ òîæäåñòâåííî íóëåâàÿ

ôóíêöèÿ x. Íî â òàêîì ñëó÷àå

∥Jσnt Ax1 − Jσnt Ax2∥C([0,21/σnT ];Z) ≤
2T σn − T σn

Γ(σn + 1)
∥x1 − x2∥C([0,21/σnT ];Z) =

= q∥x1 − x2∥C([0,21/σnT ];Z),

ïîýòîìó óðàâíåíèå (1.2.5) èìååò òîëüêî íóëåâîå ðåøåíèå â C([0, 21/σnT ];Z).

Ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ìû ïîëó÷èì åäèíñòâåííîñòü íóëåâîãî ðåøåíèÿ

íà ëþáîì îòðåçêå [0, 2k/σnT ], k ∈ N, à òàê êàê 21/σn > 1, òî è íà âñåé ïîëóîñè.

Òîãäà 0 ≡ Jα0
t x(t) = J1

t y(t), y(t) = D1
t 0 ≡ 0. Òàêèì îáðàçîì, z1(t) =

z2(t) äëÿ âñåõ t > 0.

Òåîðåìà 1.2.1. Ïóñòü A ∈ L(Z), zk ∈ Z, 0 < αk ≤ 1, k = 0, 1 . . . , n,

α0 + αn > 1. Òîãäà ôóíêöèÿ

z(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnA)zk

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1.2.1), (1.2.2).

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî l ∈ {0, 1, . . . , n− 1} èìååì

σl + αn ≥ σ0 + αn = α0 + αn − 1 > 0,

ñëåäîâàòåëüíî, ëåììà 1.2.1 âåðíà äëÿ âñåõ l ïðè óñëîâèè α0 + αn > 1. Èç

ëèíåéíîñòè çàäà÷è (1.2.1), (1.2.2) ïîëó÷àåì òðåáóåìîå.

Çàìå÷àíèå 1.2.2. Äëÿ Z = R ýòîò ðåçóëüòàò áûë ïîëó÷åí â ðàáîòå [13].
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1.3. Ñïåöèàëüíûå áàíàõîâû ïðîñòðàíñòâà

Ïðîñòðàíñòâî ôóíêöèé v ∈ C((t0, T ];Z), òàêèõ, ÷òî (t−t0)γv(t) ∈ C([t0, T ];Z)

äëÿ íåêîòîðîãî γ ∈ R îáîçíà÷èì Cγ([t0, T ];Z) è íàäåëèì íîðìîé

∥v∥Cγ([t0,T ];Z) := sup
t∈[t0,T ]

∥(t− t0)
γv(t)∥Z . (1.3.1)

Íà ïðîñòðàíñòâå C1
γ([t0, T ];Z) ôóíêöèé v ∈ C([t0, T ];Z) ∩ C1((t0, T ];Z), òà-

êèõ, ÷òî (t− t0)
γv′(t) ∈ C([t0, T ];Z) äëÿ íåêîòîðîãî γ ∈ R, îïðåäåëèì íîðìó

∥v∥C1
γ([t0,T ];Z) := sup

t∈[t0,T ]
∥v(t)∥Z + sup

t∈[t0,T ]
∥(t− t0)

γv′(t)∥Z . (1.3.2)

Â ýòèõ îáîçíà÷åíèÿõ

C0([t0, T ];Z) = C([t0, T ];Z), C1
0([t0, T ];Z) = C1([t0, T ];Z).

Ïðè γ, δ ∈ R, γ < δ

Cγ([t0, T ];Z) ⊂ Cδ([t0, T ];Z), C1
γ([t0, T ];Z) ⊂ C1

δ ([t0, T ];Z).

Äëÿ ëþáîãî γ ∈ R ïðè v ∈ Cγ([t0, T ];Z)

∥v(t)∥Z ≤ (t− t0)
−γ∥v∥Cγ([t0,T ];Z), t ∈ (t0, T ],

äëÿ v ∈ C1
γ([t0, T ];Z)

∥v′(t)∥Z ≤ (t− t0)
−γ∥v∥C1

γ([t0,T ];Z), t ∈ (t0, T ].

Ïîýòîìó ïðè γ < 0 v(t0) = 0 äëÿ v ∈ Cγ([t0, T ];Z), v′(t0) = 0 äëÿ v ∈
C1
γ([t0, T ];Z).

Ëåììà 1.3.1. Ïóñòü γ < 1, òîãäà ïðîñòðàíñòâî Cγ([t0, T ];Z) ñ íîðìîé

(1.3.1) è C1
γ([t0, T ];Z) ñ íîðìîé (1.3.2) ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàíñòâà-

ìè.

Äîêàçàòåëüñòâî. Âîçüìåì ôóíäàìåíòàëüíóþ ïîñëåäîâàòåëüíîñòü {vm} â ïðî-
ñòðàíñòâå Cγ([t0, T ];Z), òîãäà ñóùåñòâóþò

w(t) = lim
m→∞

(t− t0)
γvm(t) ∈ C([t0, T ];Z)
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è

v(t) := (t− t0)
−γw(t) = lim

m→∞
vm(t) ∈ Cγ([t0, T ];Z),

ïîñêîëüêó (t− t0)
γv(t) = w(t).

Åñëè {vm} � ôóíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü â C1
γ([t0, T ];Z), òî

ñóùåñòâóþò v(t) = lim
m→∞

vm(t), w(t) = lim
m→∞

(t− t0)γv′m(t) â C([t0, T ];Z). Èìååì

òàêæå ðàâåíñòâà

lim
m→∞

((t− t0)vm(t))
′ = lim

m→∞
vm(t) + (t− t0)

1−γ lim
m→∞

(t− t0)
γv′m(t) =

= v(t) + (t− t0)
1−γw(t)

â C([t0, T ];Z) ïðè γ < 1. Ñëåäîâàòåëüíî, {(t−t0)vm} èìååò ïðåäåë â ïðîñòðàí-
ñòâå C1([t0, T ];Z), îòêóäà ñëåäóåò, ÷òî ((t− t0)v(t))

′ = v(t) + (t− t0)
1−γw(t).

Ïîýòîìó

w(t) = (t− t0)
γ−1((t− t0)v(t))

′ − (t− t0)
γ−1v(t) = (t− t0)

γv′(t)

ëåæèò â C([t0, T ];Z) è v ∈ C1
γ([t0, T ];Z).

Ëåììà 1.3.2. Ïóñòü γ < 1, β > 0, òîãäà

Jβt ∈ L(Cγ([t0, T ];Z);Cγ−β([t0, T ];Z)).

Äîêàçàòåëüñòâî. Èìååì äëÿ v ∈ Cγ([t0, T ];Z)

∥(t− t0)
γ−βJβt v(t)∥Z =

∥∥∥∥∥∥(t− t0)
γ−β

t∫
t0

(t− s)β−1

Γ(β)
v(s)ds

∥∥∥∥∥∥
Z

≤

≤ ∥v∥Cγ([t0,T ];Z)

∣∣∣∣∣∣(t− t0)
γ−β

t∫
t0

(t− s)β−1

Γ(β)
(s− t0)

−γds

∣∣∣∣∣∣ =
= ∥v∥Cγ([t0,T ];Z)

∣∣∣∣∣∣(t− t0)
γ−β

t−t0∫
0

sβ−1

Γ(β)
(t− t0 − s)−γds

∣∣∣∣∣∣ =
= ∥v∥Cγ([t0,T ];Z)

∣∣∣∣B(β, 1− γ)

Γ(β)

∣∣∣∣ = Γ(1− γ)

Γ(β + 1− γ)
∥v∥Cγ([t0,T ];Z).
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Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n. Ìíîæåñòâî C{αk}n0 ([t0, T ];Z) ôóíêöèé

v ∈ L1(t0, T ;Z), òàêèõ, ÷òî ñóùåñòâóþò ïðîèçâîäíûå

Dσkv ∈ C1
1−αk+1

([t0, T ];Z), k = 0, 1, . . . , n− 2, Dσn−1v ∈ C1
3−α0−αn

2

([t0, T ];Z),

ñíàáäèì íîðìîé

∥v∥
C{αk}

n
0 ([t0,T ];Z)

:=
n−2∑
k=0

∥Dσkv∥C1
1−αk+1

([t0,T ];Z)+∥Dσn−1v∥C1
3−α0−αn

2

([t0,T ];Z). (1.3.3)

Òåîðåìà 1.3.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1. Òîãäà

C{αk}n0 ([t0, T ];Z) ñ íîðìîé (1.3.3) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.

Äîêàçàòåëüñòâî. Ïóñòü v ∈ L1(t0, T ;Z), ∥v∥
C{αk}

n
0 ([t0,T ];Z)

= 0, òîãäà Dσ0v :=

J1−α0
t v ≡ 0. Åñëè α0 = 1, òî v ≡ 0 è ñîîòâåòñòâóþùàÿ àêñèîìà íîðìû âû-

ïîëíåíà. Ïóñòü α0 ∈ (0, 1), òîãäà v = D1−α0
t J1−α0

t v = D1
tJ

α0
t 0 ≡ 0. Îñòàëüíûå

àêñèîìû íîðìû äëÿ (1.3.3) ëåãêî ïðîâåðÿþòñÿ.

Ïóñòü {vm} ôóíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü â C{αk}n0 ([t0, T ];Z),

òîãäà ïî ëåììå 1.3.1 ñóùåñòâóþò ôóíêöèè wk ∈ C1
1−αk+1

([t0, T ];Z) ïðè k =

0, 1, . . . , n − 2, òàêèå, ÷òî lim
m→∞

Dσkvm = wk â ïðîñòðàíñòâå C
1
1−αk+1

([t0, T ];Z)

ïðè k = 0, 1, . . . , n − 2, è ñóùåñòâóåò wn−1 ∈ C1
2−α0−αn

([t0, T ];Z), òàêîå, ÷òî

lim
m→∞

Dσkvm = wk â ïðîñòðàíñòâå C
1
2−α0−αn

([t0, T ];Z), òàê êàê 2−α0−αn < 1.

Ïóñòü α0 ∈ (0, 1). Ïîñêîëüêó lim
m→∞

J1−α0
t vm = w0 â C

1
1−α1

([t0, T ];Z), òî

v0(t) = D1
tJ

α0
t w0(t) =

(t− t0)
α0−1

Γ(α0)
w0(t0) + Jα0

t D
1
tw0(t)

ïî ëåììå 1.3.2 ëåæèò â C1−α0
([t0, T ];Z)+C1−α0−α1

([t0, T ];Z) = C1−α0
([t0, T ];Z).

Ïðè ýòîì J1−α0
t v0(t) = w0(t0) + J1

tD
1
tw0(t) = w0(t). Òàêèì îáðàçîì, èìååì

lim
m→∞

J1−α0
t vm = Dσ0v0 â C1

1−α1
([t0, T ];Z). Ïðè α0 = 1 ïîëó÷èì w0 = v0 =

Dσ0v0.

Ïóñòü α1 ∈ (0, 1). Òîãäà lim
m→∞

J1−α1
t Dα0

t vm = w1 = J1−α1
t Dα0

t v0 = Dσ1v0 â

C1
1−α2

([t0, T ];Z), lim
m→∞

D1
tD

σ1vm = D1
tD

σ1v0 â ïðîñòðàíñòâå C1−α2
([t0, T ];Z).
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Äàëåå ïðè α2 ∈ (0, 1) lim
m→∞

J1−α2
t Dα1

t D
α0
t vm = w2 = Dσ2v0 â ïðîñòðàíñòâå

C1
1−α3

([t0, T ];Z), lim
m→∞

D1
tD

σ2vm = D1
tD

σ2v0 â ïðîñòðàíñòâå C1−α3
([t0, T ];Z).

Ïðîäîëæàÿ ýòîò ïðîöåññ, íà (n − 2)-ì øàãå ïîëó÷èì lim
m→∞

Dσn−2vm =

wn−2 = Dσn−2v0 â C
1
1−αn−1

([t0, T ];Z), lim
m→∞

D1
tD

σn−2vm = D1
tD

σn−2v0 â ïðîñòðàí-

ñòâå C1−αn−1
([t0, T ];Z). Íàêîíåö, lim

m→∞
Dσn−1vm = wn−1 = Dσn−1v0 â ïðîñòðàí-

ñòâå C1
3−α0−αn

2

([t0, T ];Z).

Òàêèì îáðàçîì, ñóùåñòâóåò ïðåäåë v ∈ C{αk}n0 ([t0, T ];Z) ïîñëåäîâà-

òåëüíîñòè {vm} â C{αk}n0 ([t0, T ];Z), è ïðîñòðàíñòâî C{αk}n0 ([t0, T ];Z) ñ íîðìîé

(1.3.3) ÿâëÿåòñÿ áàíàõîâûì.

1.4. Ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

Ðàññìîòðèì íåîäíîðîäíîå óðàâíåíèå

Dσnz(t) = Az(t) + f(t), t ∈ (0, T ], (1.4.1)

äëÿ íåêîòîðîãî f ∈ C([0, T ];Z). Ôóíêöèÿ z ∈ C((0, T ];Z) ∩ L1(0, T ;Z) íà-

çûâàåòñÿ ðåøåíèåì çàäà÷è (1.2.2), (1.4.1), åñëè Dσkz ∈ AC([0, T ];Z), k =

0, 1, . . . , n − 1, Dσnz ∈ C((0, T ];Z), ðàâåíñòâî (1.4.1) âûïîëíÿåòñÿ äëÿ âñåõ

t ∈ (0, T ] è âûïîëíåíû óñëîâèÿ (1.2.2).

Îáîçíà÷èì ïðè òåõ æå êîíòóðàõ γ è γt, ÷òî è â ïðåäûäóùåì ïàðàãðàôå,

Z(t) :=
1

2πi

∫
γ

(λσnI − A)−1eλtdλ =
∞∑
j=0

Aj

2πi

∫
γ

λ−(j+1)σneλtdλ =

=
∞∑
j=0

t(j+1)σn−1Aj

2πi

∫
γt

eνdν

ν(j+1)σn
=

∞∑
j=0

t(j+1)σn−1Aj

Γ((j + 1)σn)
= tσn−1Eσn,σn(t

σnA),

äëÿ k = 0, 1, . . . , n− 1

Yk(t) :=
1

2πi

∫
γ

λσk(λσnI − A)−1eλtdλ =
∞∑
j=0

Aj

2πi

∫
γ

λσk−(j+1)σneλtdλ =

=
∞∑
j=0

t(j+1)σn−σk−1Aj

2πi

∫
γt

eνdν

ν(j+1)σn−σk
=

∞∑
j=0

t(j+1)σn−σk−1Aj

Γ((j + 1)σn − σk)
=
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= tσn−σk−1Eσn,σn−σk(t
σnA),

Yn(t) :=
1

2πi

∫
γ

λσn(λσnI − A)−1eλtdλ =
∞∑
j=0

Aj

2πi

∫
γ

λ−jσneλtdλ =

=
∞∑
j=0

tjσn−1Aj

2πi

∫
γt

eνdν

νjσn
=

∞∑
j=1

tjσn−1Aj

Γ(jσn)
= tσn−1AEσn,σn(t

σnA). (1.4.2)

Çàìåòèì, ÷òî σn − σk > 0 è ïî óñëîâèþ σn > 0, ñëåäîâàòåëüíî, ïðè t→ 0+

Z(t) ∼ tσn−1

Γ(σn)
, Yk(t) ∼

tσn−σk−1

Γ(σn − σk)
, k = 0, 1, . . . , n− 1. (1.4.3)

Ëåììà 1.4.1. Ïóñòü A ∈ L(Z), 0 < αk ≤ 1, k = 0, 1 . . . , n, α0 + αn > 1,

f ∈ C([0, T ];Z) ïðè αn = 1 è f ∈ C1
γ([0, T ];Z) äëÿ íåêîòîðîãî γ < 1 ïðè

αn < 1. Òîãäà ôóíêöèÿ

zf(t) =

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

Dσkz(0) = 0, k = 0, 1, . . . , n− 1, (1.4.4)

äëÿ óðàâíåíèÿ (1.4.1).

Äîêàçàòåëüñòâî. Èìååì ïðè α0 ∈ (0, 1)

Dσ0zf(t) = J1−α0
t zf(t) =

t∫
0

J1−α0
t (t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds =

=

t∫
0

(t− s)σn−σ0−1Eσn,σn−σ0((t− s)σnA)f(s)ds. (1.4.5)

Åñëè æå α0 = 1, òî Dσ0zf(t) = zf(t), íî òàê êàê â ýòîì ñëó÷àå σ0 = α0−1 = 0,

òî ðàâåíñòâî (1.4.5) òàêæå ñïðàâåäëèâî. Äàëåå ïðè óñëîâèè σn−σ0 > 1 èìååì

Dσ1zf(t) = J1−α1
t D1

t

t∫
0

(t− s)σn−σ0−1Eσn,σn−σ0((t− s)σnA)f(s)ds =
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=

t∫
0

(t− s)σn−σ1−1Eσn,σn−σ1((t− s)σnA)f(s)ds.

Ïðîäîëæàÿ àíàëîãè÷íûå ðàññóæäåíèÿ ïðè σn − σk > 1, k = 0, 1, . . . , n − 2,

ò. å. ïðè αn−1 + αn > 1, ïîëó÷èì

Dσn−1zf(t) =

t∫
0

(t− s)σn−σn−1−1Eσn,σn−σn−1
((t− s)σnA)f(s)ds.

Òåïåðü, åñëè αn = 1,

Dσnzf(t) = D1
t

t∫
0

Eσn,1((t− s)σnA)f(s)ds =

= f(t) + A

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds = Azf(t) + f(t).

Ïðè αn < 1 èìååì äëÿ f ∈ C1
β([0, T ];Z)

Dσnzf(t) = J1−αn
t D1

t

t∫
0

(t− s)αn−1Eσn,αn
((t− s)σnA)f(s)ds =

= J1−αn
t tαn−1Eσn,αn

(tσnA)f(0)+J1−αn
t

t∫
0

(t−s)αn−1Eσn,αn
((t−s)σnA)D1

sf(s)ds =

= Eσn,1(t
σnA)f(0) +

t∫
0

Eσn,1((t− s)σnA)D1
sf(s)ds =

= f(t) + A

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds = f(t) + Azf(t).

Åñëè æå ñóùåñòâóåò k ∈ {1, 2, . . . , n − 2}, ïðè êîòîðîì αk+1 + αk+2 +

· · ·+αn = σn−σk ≤ 1, òî αn < 1. Âîçüìåì ìèíèìàëüíîå èç òàêèõ k è ïîëó÷èì

â ñëó÷àå f ∈ C1([0, T ];Z)

Dσk+1zf(t) = J
1−αk+1

t D1
t

t∫
0

sσn−σk−1Eσn,σn−σk(s
σnA)f(t− s)ds =
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= J
1−αk+1

t tσn−σk−1Eσn,σn−σk(t
σnA)f(0)+

+J
1−αk+1

t

t∫
0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)D1
sf(s)ds =

= tσn−σk+1Eσn,σn−σk+1+1(t
σnA)f(0)+

+

t∫
0

(t− s)σn−σk+1Eσn,σn−σk+1+1((t− s)σnA)D1
sf(s)ds =

=

t∫
0

(t− s)σn−σk+1−1Eσn,σn−σk+1
((t− s)σnA)f(s)ds.

Çäåñü èñïîëüçîâàí òîò ôàêò, ÷òî∥∥∥∥∥∥
t∫

0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)D1
sf(s)ds

∥∥∥∥∥∥
Z

≤

≤ C

t∫
0

(t− s)σn−σk−1s−γds = Ctσn−σk+γB(σn − σk, 1− γ).

Äàëåå íà êàæäîì øàãå ïðîäåëûâàåì àíàëîãè÷íûå âû÷èñëåíèÿ. Íà ïî-

ñëåäíåì øàãå ïîëó÷èì

Dσnzf(t) = J1−αn
t D1

t

t∫
0

sαn−1Eσn,αn
(sσnA)f(t− s)ds =

= J1−αn
t tαn−1Eσn,αn

(tσnA)f(0)+J1−αn
t

t∫
0

(t−s)αn−1Eσn,αn
((t−s)σnA)D1

sf(s)ds =

= Eσn,1(t
σnA)f(0) +

t∫
0

Eσn,1((t− s)σnA)D1
sf(s)ds =

= f(t) + A

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds = Azf(t) + f(t).
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Èìååì

∥zf(t)∥Z ≤ sup
s∈[0,T ]

∥Eσn,σn(s
σnA)∥L(Z) sup

s∈[0,T ]
∥f(s)∥Z

tσn

σn
,

ïîýòîìó zf(0) = 0 â ñèëó íåðàâåíñòâà σn > 0.

Ïðåîáðàçîâàíèå Ëàïëàñà ïðè äîñòàòî÷íî áîëüøèõ Reµ äàåò ðàâåíñòâî

Ẑ(µ) =
∞∑
j=0

Aj

µ(j+1)σn
= (µσnI − A)−1.

Äîîïðåäåëèì f íóëåì âíå îòðåçêà [0, T ]. Èìååì zf = Z ∗ f , ñëåäîâàòåëüíî,

ẑf(µ) = Ẑ(µ)f̂(µ) = (µσnI − A)−1f̂(µ),

D̂σ0zf(µ) = µσ0(µσnI − A)−1f̂(µ), Dσ0zf(t) =

t∫
0

Y0(t− s)f(s)ds.

Äëÿ α0 = 1 Dσ0zf(0) = zf(0) = 0, à äëÿ α0 ∈ (0, 1)

∥Dσ0zf(t)∥Z =

∥∥∥∥∥∥ 1

Γ(1− α0)

t∫
0

(t− s)−α0zf(s)ds

∥∥∥∥∥∥
Z

≤
sup
s∈[0,T ]

∥zf(s)∥Z

Γ(1− α0)

t1−α0

1− α0
,

ñëåäîâàòåëüíî, Dσ0zf(0) = 0. Ïîýòîìó

D̂σ1zf(µ) = µσ1(µσnI − A)−1f̂(µ), Dσ1zf(t) =

t∫
0

Y1(t− s)f(s)ds

â ñèëó (1.1.3). Òîãäà â ñèëó (1.4.3)

∥Dσ1zf(t)∥ ≤ C1 sup
s∈[0,T ]

∥f(s)∥Z

t∫
0

(t− s)σn−σ1−1ds =
C1t

σn−σ1

σn − σ1
sup
s∈[0,T ]

∥f(s)∥Z ,

ñëåäîâàòåëüíî, Dσ1zf(0) = 0,

D̂σ2zf(µ) = µσ2(µσnI − A)−1f̂(µ), Dσ2zf(t) =

t∫
0

Y2(t− s)f(s)ds.
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Ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ïîëó÷àåì

Dσkzf(t) =

t∫
0

Yk(t− s)f(s)ds, k = 0, 1, . . . , n,

Dσkzf(0) = 0, k = 0, 1, . . . , n− 1.

Ñëåäîâàòåëüíî, óñëîâèÿ (1.4.4) âûïîëíåíû.

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ òàê æå, êàê è äëÿ îäíîðîäíîãî

óðàâíåíèÿ.

Èç òåîðåìû 1.2.1, ëåììû 1.4.1 è ëèíåéíîñòè óðàâíåíèÿ ñðàçó ïîëó÷àåì

ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1.4.1. Ïóñòü A ∈ L(Z), zk ∈ Z, k = 0, 1 . . . , n − 1, 0 < αk ≤ 1,

k = 0, 1 . . . , n, α0 + αn > 1, f ∈ C([0, T ];Z) ïðè αn = 1 è f ∈ C1
γ([0, T ];Z)

äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1. Òîãäà ôóíêöèÿ

z(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnA)zk +

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)f(s)ds

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1.2.2), (1.4.1).

1.5. Íà÷àëüíûå çàäà÷è äëÿ óðàâíåíèé ñ êîìïîçèöèåé

äâóõ äðîáíûõ ïðîèçâîäíûõ

Ðàññìîòðèì äèôôåðåíöèàëüíûå îïåðàòîðû Äæðáàøÿíà � Íåðñåñÿíà

Dσ0h(t) = Dα0−1
t h(t), Dσkh(t) = Dαk−1

t D
αk−1

t D
αk−2

t . . . Dα0
t h(t), k = 1, 2, . . . , n,

(1.5.1)

ãäå αk ∈ (0, 1], k = 0, 1, . . . , n − 1. Îïåðàòîð Dαk−1
t ÿâëÿåòñÿ äðîáíûì èí-

òåãðàëîì Ðèìàíà � Ëèóâèëëÿ ïðè αk ∈ (0, 1) ëèáî òîæäåñòâåííûì îïåðà-

òîðîì ïðè αk = 1, îïåðàòîðû Dαk
t èìåþò âèä D1

tJ
1−αk
t ïðè αk ∈ (0, 1) ëèáî

D1
t ïðè αk = 1. Òàêèì îáðàçîì, â âûðàæåíèÿõ âèäà (1.1.1), (1.1.2) ìîãóò
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ïðèñóòñòâîâàòü, ïîìèìî âîçìîæíîãî òîæäåñòâåííîãî îïåðàòîðà ñëåâà, òîëü-

êî ïðîèçâîäíûå ïåðâîãî ïîðÿäêà è äðîáíûå èíòåãðàëû Ðèìàíà � Ëèóâèëëÿ

ïîðÿäêà ìåíåå 1, ñîñåäñòâîâàòü ñ êîòîðûìè ìîãóò òîëüêî ïðîèçâîäíûå ïåðâî-

ãî ïîðÿäêà. Îáðàòíîå òîæå âåðíî: êîìïîçèöèþ ïðîèçâîäíûõ öåëîãî ïîðÿäêà

è äðîáíûõ èíòåãðàëîâ ïîðÿäêà ìåíüøå 1, â êîòîðîé ðàçëè÷íûå äðîáíûå èí-

òåãðàëû íå ñîñåäñòâóþò äðóã ñ äðóãîì, ìîæíî ïðåäñòàâèòü â âèäå (1.1.1),

(1.1.2), ðàçëîæèâ ïðîèçâîäíûå öåëîãî ïîðÿäêà â êîìïîçèöèè ïðîèçâîäíûõ

ïåðâîãî ïîðÿäêà.

Íåòðóäíî óáåäèòüñÿ, ÷òî äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ ïî-

ðÿäêà α ∈ (m − 1,m], m ∈ N, ÿâëÿåòñÿ ïðîèçâîäíîé Äæðáàøÿíà � Íåðñå-

ñÿíà, àññîöèèðîâàííîé ñ ïîñëåäîâàòåëüíîñòüþ α0 = α −m + 1, α1 = 1, . . . ,

αm−1 = 1, αm = 1. Äåéñòâèòåëüíî, Dσ0 = Jm−α
t , Dσk = Dk

t J
m−α
t = Dα−m+k

t ,

k = 1, 2, . . . ,m. Ïðè ýòîì α0+αm = α−m+2 > 1, σ0 = α−m, σ1 = α−m+1,

. . . , σm−1 = α − 1, σm = α > 0 è çàäà÷à (1.2.2) ïðåäñòàâëÿåò ñîáîé çàäà÷ó

òèïà Êîøè Dα−m+k
t z(0) = zk, k = 0, 1, . . . ,m− 1.

Ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî GDα
t h(t) := Jm−α

t Dm
t h(t) ïîðÿäêà

α ∈ (m−1,m],m ∈ N, òàêæå ÿâëÿåòñÿ ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà,

àññîöèèðîâàííîé ñ ïîñëåäîâàòåëüíîñòüþ α0 = 1, α1 = 1, . . . , αm−1 = 1,

αm = α−m+1. Â òàêîì ñëó÷àåDσk = Dk
t , k = 0, 1, . . . ,m−1,Dσm = Jm−αDm

t ;

α0 + αm = α −m + 2 > 1, σ0 = 0, σ1 = 1, . . . , σm−1 = m − 1, σm = α > 0 è

(1.2.2) ÿâëÿþòñÿ óñëîâèÿìè Êîøè Dk
t z(0) = zk, k = 0, 1, . . . ,m− 1.

Ïóñòü m − 1 < α ≤ m, r − 1 < β ≤ r. Òîãäà êîìïîçèöèè ïðîèçâîäíûõ

Ðèìàíà � Ëèóâèëëÿ è Ãåðàñèìîâà � Êàïóòî Dα
t D

β
t ,

GDα
t
GDβ

t è
GDα

t D
β
t òàêæå

ïðåäñòàâëÿþò ñîáîé ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïðè n = m + r,

σm+r = α+β > 0 (ñì. òàáë.). Ïðè ýòîì α0+αm+r = β−r+2 > 1, α0+αm+r =

α−m+2 > 1 è α0+αm+r = α+β−m−r+2 ñîîòâåòñòâåííî. Â ïîñëåäíåì ñëó÷àå

óñëîâèå α0 + αm+r > 1 ìîæåò íå âûïîëíÿòüñÿ. Êðîìå òîãî, ïîíÿòíî, ÷òî

GDα
t D

β
t = GDα+l

t Dβ−l
t = GDα−k

t Dβ+k
t ïðè l = 0, 1, . . . , r− 1, k = 0, 1, . . . ,m− 1.

Ðàññìîòðèì êîìïîçèöèþ Dα
t
GDβ

t ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî
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GDβ
t è Ðèìàíà � Ëèóâèëëÿ Dα

t . Çàìåòèì, ÷òî â ñèëó ïîëóãðóïïîâîãî ñâîé-

ñòâà äðîáíîãî èíòåãðàëà Ðèìàíà � Ëèóâèëëÿ Dα
t
GDβ

t = Dm
t J

m−α
t Jr−βt Dn

t =

Dm
t J

m+r−α−β
t Dr

t . Åñëè δ = m + r − α − β − 1 ≥ 0, m > 1, òî Dα
t
GDβ

t =

Dm
t J

1+δ
t Dr

t = Dm−1
t J δtD

r
t è ïîëó÷àåòñÿ äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà �

Íåðñåñÿíà ñ n = m + r − 1, σm+r−1 = α + β, α0 + αm+r−1 = 2 > 1 ïðè m > 1

è α0 + αm+r−1 = 2 + α + β − r > 1 ïðè m = 1 (ñì. òàáë.).

Òàáëèöà

Ïîñëåäîâàòåëüíîñòè, ñ êîòîðûìè àññîöèèðîâàíû êîìïîçèöèè ïðîèçâîäíûõ

Dα
t D

β
t α0 α1 αr−1 αr αr+1 αm+r−1 αm+r

β − r + 1 1 1 α−m+ 1 1 1 1

σ0 σ1 σr−1 σr σr+1 σm+r−1 σm+r

β − r β − r + 1 β − 1 α+ β −m α+ β −m+ 1 α+ β − 1 α+ β

GDα
t
GDβ

t α0 α1 αr−1 αr αr+1 αm+r−1 αm+r

1 1 1 β − r + 1 1 1 α−m+ 1

σ0 σ1 σr−1 σr σr+1 σm+r−1 σm+r

0 1 r − 1 β β + 1 β +m− 1 α+ β

GDα
t D

β
t α0 α1 αr−1 αr αr+1 αm+r−1 αm+r

β − r + 1 1 1 1 1 1 α−m+ 1

σ0 σ1 σr−1 σr σr+1 σm+r−1 σm+r

β − r β − r + 1 β − 1 β β + 1 β +m− 1 α+ β

Dα
t
GDβ

t , α0 α1 αr−1 αr αr+1 αm+r−1

δ ≥ 0, 1 1 1 α+ β −m− r + 2 1 1

σ0 σ1 σr−1 σr σr+1 σm+r−1

0 1 r − 1 α+ β −m+ 1 α+ β −m+ 2 α+ β

Dα
t
GDβ

t , α0 α1 αr−1 αr αr+1 αm+r−1 αm+r

δ < 0 1 1 1 α+ β −m− r + 1 1 1 1

σ0 σ1 σr−1 σr σr+1 σm+r−1 σm+r

0 1 r − 1 α+ β −m α+ β −m+ 1 α+ β − 1 α+ β

Åñëè δ < 0, ò. å. α + β − m − r ∈ (−1, 0], êîìïîçèöèÿ Dα
t
GDβ

t =

Dm
t J

m+r−α−β
t Dr

t ÿâëÿåòñÿ ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà ïðè n =

m+ r, σm+r = α + β > 0 (ñì. òàáë.). Ïðè ýòîì α0 + αm+r = 2 > 1.

Èç òåîðåìû 1.4.1, ó÷èòûâàÿ çíà÷åíèÿ ýëåìåíòîâ {σk}n0 , óêàçàííûå â

òàáë., ñðàçó ïîëó÷èì ñëåäóþùèå óòâåðæäåíèÿ.

Ñëåäñòâèå 1.5.1. Ïóñòü A ∈ L(X ), m−1 < α ≤ m ∈ N, r−1 < β ≤ r ∈ N,
f ∈ C([0, T ];X ). Òîãäà ïðè ëþáûõ xl ∈ X , l = 0, 1, . . . , r − 1, yk ∈ X , k =
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0, 1, . . . ,m− 1, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è

Dα
t D

β
t x(t) = Ax(t) + f(t), t ∈ (0, T ), (4)

Dβ−r+l
t x(0) = xl, l = 0, 1, . . . , r − 1, (5)

Dα−m+k
t Dβ

t x(0) = yk, k = 0, 1, . . . ,m− 1, (6)

ïðè ýòîì îíî èìååò âèä

x(t) =
r−1∑
l=0

tβ−r+lEα+β,β−r+l+1(t
α+βA)xl+

+
m−1∑
k=0

tα+β−m+kEα+β,α+β−m+k+1(t
α+βA)yk+

+

t∫
0

(t− s)α+β−1Eα+β,α+β((t− s)α+βA)f(s)ds.

Ñëåäñòâèå 1.5.2. Ïóñòü A ∈ L(X ), m − 1 < α ≤ m ∈ N, r − 1 < β ≤
r ∈ N, f ∈ C1

γ([0, T ];X ) ïðè íåêîòîðîì γ < 1. Òîãäà ïðè ëþáûõ xl ∈ X ,

l = 0, 1, . . . , r − 1, yk ∈ X , k = 0, 1, . . . ,m − 1, ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è

GDα
t
GDβ

t x(t) = Ax(t) + f(t), t ∈ (0, T ),

Dl
tx(0) = xl, l = 0, 1, . . . , r − 1,

Dk
t
GDβ

t x(0) = yk, k = 0, 1, . . . ,m− 1,

ïðè ýòîì îíî èìååò âèä

x(t) =
n−1∑
l=0

tlEα+β,l+1(t
α+βA)xl +

m−1∑
k=0

tβ+kEα+β,β+k+1(t
α+βA)yk+

+

t∫
0

(t− s)α+β−1Eα+β,α+β((t− s)α+βA)f(s)ds.
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Ñëåäñòâèå 1.5.3. Ïóñòü A ∈ L(X ), m−1 < α ≤ m ∈ N, r−1 < β ≤ r ∈ N,
α+β−r−m > −1, f ∈ C1

γ([0, T ];X ) ïðè íåêîòîðîì γ < 1. Òîãäà ïðè ëþáûõ

xl ∈ X , l = 0, 1, . . . ,m+ r − 1, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è

GDα
t D

β
t x(t) = Ax(t) + f(t), t ∈ (0, T ),

Dβ−r+l
t x(0) = xl, l = 0, 1, . . . ,m+ r − 1,

ïðè ýòîì îíî èìååò âèä

x(t) =
m+r−1∑
l=0

tβ−r+lEα+β,β−r+l+1(t
α+βA)xl+

+

t∫
0

(t− s)α+β−1Eα+β,α+β((t− s)α+βA)f(s)ds.

Ñëåäñòâèå 1.5.4. Ïóñòü A ∈ L(X ), m − 1 < α ≤ m ∈ N, n − 1 < β ≤
n ∈ N, α + β − n − m > −1, f ∈ C([0, T ];X ). Òîãäà ïðè ëþáûõ xl ∈ X ,

l = 0, 1, . . . , n − 1, yk ∈ X , k = 0, 1, . . . ,m − 1, ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è

Dα
t
GDβ

t x(t) = Ax(t) + f(t), t ∈ (0, T ),

Dl
tx(0) = xl, l = 0, 1, . . . , n− 1,

Dα−m+k
t

GDβ
t x(0) = yk, k = 0, 1, . . . ,m− 1,

ïðè ýòîì îíî èìååò âèä

x(t) =
n−1∑
l=0

tlEα+β,l+1(t
α+βA)xl +

m−1∑
k=0

tα+β+k−mEα+β,α+β+k−m+1(t
α+βA)yk+

+

t∫
0

(t− s)α+β−1Eα+β,α+β((t− s)α+βA)f(s)ds.

Ñëåäñòâèå 1.5.5. Ïóñòü A ∈ L(X ), m − 1 < α ≤ m ∈ N, n − 1 < β ≤
n ∈ N, α + β − n − m ≤ −1, f ∈ C([0, T ];X ). Òîãäà ïðè ëþáûõ xl ∈ X ,
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l = 0, 1, . . . , n − 1, yk ∈ X , k = 0, 1, . . . ,m − 1, ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è

Dα
t
GDβ

t x(t) = Ax(t) + f(t), t ∈ (0, T ),

Dl
tx(0) = xl, l = 0, 1, . . . , n− 1,

Dα−m+1+k
t

GDβ
t x(0) = yk, k = 0, 1, . . . ,m− 2,

ïðè ýòîì îíî èìååò âèä

x(t) =
n−1∑
l=0

tlEα+β,l+1(t
α+βA)xl +

m−2∑
k=0

tα+β+k+1−mEα+β,α+β+k+2−m(t
α+βA)yk+

+

t∫
0

(t− s)α+β−1Eα+β,α+β((t− s)α+βA)f(s)ds.

1.6. Ïðåäñòàâëåíèå ïðîèçâîëüíûõ êîìïîçèöèé

äðîáíûõ ïðîèçâîäíûõ â âèäå ïðîèçâîäíîé

Äæðáàøÿíà � Íåðñåñÿíà

Ðàññìîòðèì óðàâíåíèå â áàíàõîâîì ïðîñòðàíñòâå

p∏
l=1

(GDβl)1−rl(Dγl
t )

rlz(t) = Az(t) + f(t). (1.6.1)

Çäåñü ml − 1 < βl ≤ ml ∈ N, sl − 1 < γl < sl ∈ N, rl ∈ {0, 1}, l = 1, 2, . . . , p,

ïîýòîìó äèôôåðåíöèàëüíûé îïåðàòîð

p∏
l=1

(GDβl)1−rl(Dγl
t )

rl (1.6.2)

ïðåäñòàâëÿåò ñîáîé ïðîèçâîëüíóþ êîìïîçèöèþ p ∈ N äèôôåðåíöèàëüíûõ

îïåðàòîðîâ Ãåðàñèìîâà � Êàïóòî è Ðèìàíà � Ëèóâèëëÿ. Èçíà÷àëüíî íåÿñåí

âèä íà÷àëüíûõ óñëîâèé, ïîäõîäÿùèõ äëÿ óðàâíåíèÿ (1.6.1). Â äàííîì ïàðà-

ãðàôå ìû ïîêàæåì, ÷òî ëþáîé îïåðàòîð âèäà (1.6.2) ÿâëÿåòñÿ äðîáíîé ïðî-

èçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà, ïîýòîìó äëÿ óðàâíåíèÿ (1.6.1) ìîæíî
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ðàññìàòðèâàòü çàäà÷ó ñ óñëîâèÿìè (1.2.2), ñîîòâåòñòâóþùèìè ýòîé äðîáíîé

ïðîèçâîäíîé.

Òåîðåìà 1.6.1. Ëþáîé äèôôåðåíöèàëüíûé îïåðàòîð âèäà (1.6.2) ÿâëÿåòñÿ

ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà.

Äîêàçàòåëüñòâî. Åñëè p = 1, òî ïîëó÷àåì óòâåðæäåíèå î òîì, ÷òî ïðîèçâîä-

íûå Ãåðàñèìîâà � Êàïóòî è Ðèìàíà � Ëèóâèëëÿ ÿâëÿþòñÿ ïðîèçâîäíûìè

Äæðáàøÿíà � Íåðñåñÿíà. Îíî äîêàçàíî â ïðåäûäóùåì ïàðàãðàôå.

Ïóñòü äëÿ p > 1 óòâåðæäåíèå äàííîé òåîðåìû âûïîëíÿåòñÿ, ðàññìîò-

ðèì êîìïîçèöèþ âèäà (1.6.2) p+ 1 îïåðàòîðà, òîãäà ïî ïðåäïîëîæåíèþ

(GDβ)1−r(Dγ
t )
r

p∏
l=1

(GDβl)1−rl(Dγl
t )

rl = (GDβ)1−r(Dγ
t )
rDσn

ãäå m − 1 < β ≤ m ∈ N, s − 1 < γ ≤ s ∈ N, r ∈ {0, 1}, ïðîèçâîäíàÿ
Äæðáàøÿíà � Íåðñåñÿíà Dσn ñîîòâåòñòâóåò íåêîòîðîé ïîñëåäîâàòåëüíîñòè

{α0, α1, . . . , αn}. Åñëè r = 0, òî ïîëó÷àåì êîìïîçèöèþ ïðîèçâîäíûõ Ãåðà-

ñèìîâà � Êàïóòî è Äæðáàøÿíà � Íåðñåñÿíà, êîòîðàÿ ïðåäñòàâèìà â âèäå

GDβDσn = Dσn+m, ãäå Dσn+m ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòè

{α0, α1, . . . , αn, αn+1 = 1, . . . , αn+m−1 = 1, αn+m = β −m+ 1}.

Äåéñòâèòåëüíî, â òàêîì ñëó÷àå Dσn+m = Dβ−mD1
t . . . D

1
tD

σn = Jm−βDm
t D

σn.

Ïóñòü òåïåðü r = 1, òîãäà ïðè s− γ − αn < 0

Dβ
tD

σn = Ds
tJ

s−γ+1−αnD1
tD

σn−1 = Ds−1
t Dγ−s+αnD1

tD
σn−1 = Dσn+s,

ãäå ïðîèçâîäíàÿ Dσn+s ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòè

{α0, α1, . . . , αn−1, αn = γ − s+ αn, αn+1 = 1, . . . , αn+s = 1}

ïðè ïðåæíèõ α0, α1, . . . , αn−1.

Åñëè æå r = 1, s− γ − αn ≥ 0, òî

Dβ
tD

σn = Ds
tJ

s−γ+1−αnD1
tD

σn−1 = Ds−1
t Js−γ−αnD1

tD
σn−1 = Dσn+s−1
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è Dσn+s−1 ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòè

{α0, α1, . . . , αn−1, αn = γ − s+ αn + 1, αn+1 = 1, . . . , αn+s−1 = 1}

ñ ïðåæíèìè α0, α1, . . . , αn−1.

1.7. Êâàçèëèíåéíîå óðàâíåíèå

Îáîçíà÷èì ÷åðåç Z îòêðûòîå ìíîæåñòâî â R × Zn, îïåðàòîð B : Z → Z
íåëèíåéíûé, âîîáùå ãîâîðÿ. Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ íåëèíåéíîãî

óðàâíåíèÿ

Dσnz(t) = Az(t) +B(t,Dσ0z(t), Dσ1z(t), . . . , Dσn−1z(t)), (1.7.1)

Dσkz(t0) = zk, k = 0, 1, . . . , n− 1. (1.7.2)

Ôóíêöèþ z ∈ C((t0, t1];Z)∩L1(t0, t1;Z) íàçîâåì ðåøåíèåì çàäà÷è (1.7.1),

(1.7.2) íà (t0, t1], åñëè Dσkz ∈ AC([t0, t1];Z), k = 0, 1, . . . , n − 1, ïðè ýòîì

Dσnz ∈ C((t0, t1];Z), äëÿ âñåõ t ∈ [t0, t1] (t,D
σ0z(t), . . . , Dσn−1z(t)) ∈ Z, âû-

ïîëíÿþòñÿ ðàâåíñòâî (1.7.1) ïðè t ∈ (t0, t1] è óñëîâèÿ (1.7.2).

Ëåììà 1.7.1. Ïóñòü A ∈ L(Z), zk ∈ Z, 0 < αk ≤ 1, k = 0, 1, . . . , n−1, αn =

1, B ∈ C(Z;Z), (t0, z0, z1, . . . , zn−1) ∈ Z. Òîãäà ôóíêöèÿ z ∈ C((t0, t1];Z)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.7.1), (1.7.2) íà (t0, t1] òîãäà è òîëüêî òîãäà,

êîãäà Dσkz ∈ C([t0, t1];Z), k = 0, 1, . . . , n− 1, è äëÿ t ∈ (t0, t1]

z(t) =
n−1∑
k=0

(t− t0)
σkEσn,σk+1((t− t0)

σnA)zk+

+

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)B(s,Dσ0z(s), . . . , Dσn−1z(s))ds. (1.7.3)

Äîêàçàòåëüñòâî. Åñëè z � ðåøåíèå çàäà÷è (1.7.1), (1.7.2), òî èìååì Dσkz ∈
C([t0, t1];Z), k = 0, 1, . . . , n− 1, è îòîáðàæåíèå

t→ B(t,Dσ0z(t), Dσ1z(t), . . . , Dσn−1z(t)) (1.7.4)
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íåïðåðûâíî äåéñòâóåò èç [t0, t1] â Z . Òîãäà, êàê áûëî äîêàçàíî â òåîðåìå 1.4.1,
ðàâåíñòâî (1.7.3) âûïîëíÿåòñÿ ïðè t ∈ (t0, t1].

Ïóñòü z ∈ C((t0, t1];Z), òàêîå, ÷òî Dσkz ∈ C([t0, t1];Z), k = 0, . . . , n−1,

è âûïîëíÿåòñÿ ðàâåíñòâî (1.7.3). Òîãäà îòîáðàæåíèå (1.7.4) èç [t0, t1] â Z
íåïðåðûâíî è, êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1, ìîæíî íåïîñðåäñòâåí-

íî ïðîâåðèòü, ÷òî z ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.7.1), (1.7.2).

Ëåììà 1.7.2. Ïóñòü A ∈ L(Z), zk ∈ Z, 0 < αk ≤ 1, k = 0, 1, . . . , n − 1,

αn ∈ (0, 1], α0+αn > 1, B ∈ C1(Z;Z), (t0, z0, z1, . . . , zn−1) ∈ Z. Òîãäà ôóíêöèÿ

z ∈ C((t0, t1];Z) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.7.1), (1.7.2) íà (t0, t1], åñëè

Dσkz ∈ C1
1−αk+1

([t0, t1];Z), k = 0, 1, . . . , n − 2, Dσn−1z ∈ C1
γ([t0, t1];Z) ïðè

íåêîòîðîì γ < 1, è äëÿ t ∈ (t0, t1] âûïîëíÿåòñÿ (1.7.3).

Äîêàçàòåëüñòâî. Ïóñòü z ∈ C((t0, t1];Z), òàêîå, ÷òîDσkz ∈ C1
1−αk+1

([t0, t1];Z),

k = 0, 1, . . . , n − 2, Dσn−1z ∈ C1
γ([t0, t1];Z), γ < 1, è âûïîëíÿåòñÿ ðàâåíñòâî

(1.7.3). Òîãäà îòîáðàæåíèå (1.7.4) ëåæèò â C1
δ ([t0, t1];Z) è ìîæíî íåïîñðåä-

ñòâåííî ïðîâåðèòü, ÷òî z ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.7.1), (1.7.2).

Çàìå÷àíèå 1.7.1. Òàêèì îáðàçîì, ïî ñóòè ëåììà 1.7.1 ÿâëÿåòñÿ óòî÷íåíèåì

áîëåå îáùåé ëåììû 1.7.2 â ÷àñòíîì ñëó÷àå α− n = 1.

Äàëåå ñòðîêà íàä ñèìâîëîì áóäåò îáîçíà÷àòü íàáîð èç n ýëåìåíòîâ,

íàïðèìåð, x̄ = (x0, x1, . . . , xn−1). Ïóñòü

Sδ(x̄) = {ȳ ∈ Zn : ∥yk − xk∥Z ≤ δ, k = 0, 1, . . . , n− 1}.

Òåîðåìà 1.7.1. Ïóñòü A ∈ L(Z), zk ∈ Z, k = 0, 1 . . . , n − 1, αk ∈ (0, 1),

k = 0, 1, . . . , n, α0+αn > 1, Z � îòêðûòîå ìíîæåñòâî â R×Z, âûïîëíÿåòñÿ
âêëþ÷åíèå (t0, z0, z1, . . . , zn−1) ∈ Z, B ∈ C1(Z;Z). Òîãäà ïðè íåêîòîðîì t1 >

t0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1.7.1), (1.7.2).

Äîêàçàòåëüñòâî. Ñîãëàñíî ëåììå 1.7.2 äîñòàòî÷íî äîêàçàòü, ÷òî ïðè íåêî-

òîðîì t1 > t0 óðàâíåíèå (1.7.3) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå

C{αk}n0 ((t0, t1];Z).
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Îáîçíà÷èì

z̃(t) =
(t− t0)

σ0z0
Γ(σ0 + 1)

+
(t− t0)

σ1z1
Γ(σ1 + 1)

+ · · ·+ (t− t0)
σn−1zn−1

Γ(σn−1 + 1)
.

Âûáåðåì ÷èñëà τ, δ > 0, òàêèå, ÷òî V = [t0, t0 + τ ]× Sδ(z) ⊂ Z è â V âûïîë-

íÿåòñÿ îöåíêà ëîêàëüíîé ëèïøèöåâîñòè ñ êîíñòàíòîé Ëèïøèöà c > 0. Çäåñü

z = (z0, z1, . . . , zn−1) � âåêòîð èñõîäíûõ äàííûõ èç (1.7.2). Îáîçíà÷èì ÷åðåç

Sτ íàáîð ôóíêöèé y ∈ C{αk}n0 ([t0, t0 + τ ];Z), òàêèõ, ÷òî

∥Dσky(t)− zk∥Z ≤ δ, k = 0, 1, . . . , n− 1,

äëÿ t0 ≤ t ≤ t0 + τ . Îïðåäåëèì â Sτ ìåòðèêó d(y, v) = ∥y − v∥
C{αk}

n
0 ([t0,t0+τ ];Z)

è â ñèëó òåîðåìû 1.3.1 ïîëó÷èì ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî Sτ .

Îáðàòèì âíèìàíèå, ÷òî Dσk|t=t0 z̃(t) = zk, ïðè k = 0, 1, . . . , n− 1, ñëåäî-

âàòåëüíî, z̃ ∈ Sτ ïðè äîñòàòî÷íî ìàëîì τ > 0.

Îïðåäåëèì îòîáðàæåíèå

G(y)(t) =
n−1∑
k=0

(t− t0)
σkEσn,σk+1((t− t0)

σnA)zk+

+

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)By(s)ds,

ãäå By(s) := B(s,Dσ0y(s), Dσ1y(s), . . . , Dσn−1y(s)), è çàìåòèì, ÷òî óðàâíåíèå

(1.7.3) èìååò âèä z(t) = G(z)(t). Ïîêàæåì, ÷òî îïåðàòîð G ïðè äîñòàòî÷-

íî ìàëîì τ > 0 ïåðåâîäèò ìåòðè÷åñêîå ïðîñòðàíñòâî Sτ â ñåáÿ è ÿâëÿåòñÿ

ñæèìàþùèì îïåðàòîðîì íà Sτ .

Îáîçíà÷èì òàêæå

By
t (s) =

∂B

∂t
(s,Dσ0y0(s), D

σ1y1(s), . . . , D
σn−1y(s)),

By
k(s) =

∂B

∂yk
(s,Dσ0y0(s), D

σ1y1(s), . . . , D
σn−1y(s)), k = 0, 1, . . . , n− 1.
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Âîçüì¼ì y ∈ C{αk}n0 ([t0, t0 + τ ];Z). Òîãäà, êàê ïîêàçàíî ïðè äîêàçàòåëü-

ñòâå òåîðåìû 1.4.1, DσkG(y) ∈ C([t0, t0 + τ ];Z), k = 0, 1, . . . , n− 1. Ïðè ýòîì

Dσ0G(y)(t) = J1−α0
t G(y)(t) =

n−1∑
l=0

(t− t0)
σl−σ0Eσn,σl−σ0+1((t− t0)

σnA)zl+

+

t∫
t0

(t− s)σn−σ0−1Eσn,σn−σ0((t− s)σnA)By(s)ds,

Dσ1G(y)(t) = J1−α1
t D1

tD
σ0G(y)(t) = (t− t0)

σn−α1AEσn,σn−α1+1((t− t0)
σnA)z0+

+
n−1∑
l=1

(t− t0)
σl−σ1Eσn,σl−σ1+1((t− t0)

σnA)zl+

+J1−α1
t (t− t0)

σn−σ0−1Eσn,σn−σ0((t− t0)
σnA)By(t0)+

+J1−α1
t

t∫
t0

(t− s)σn−σ0−1Eσn,σn−σ0((t− s)σnA)D1
sB

y(s)ds =

= (t− t0)
σn−α1AEσn,σn−α1+1((t− t0)

σnA)z0+

+
n−1∑
l=1

(t− t0)
σl−σ1Eσn,σl−σ1+1((t− t0)

σnA)zl+

+(t− t0)
σn−σ1Eσn,σn−σ1+1((t− t0)

σnA)By(t0)+

+

t∫
t0

(t− s)σn−σ1Eσn,σn−σ1+1((t− s)σnA)D1
sB

y(s)ds =

= (t− t0)
σn−α1AEσn,σn−α1+1((t− t0)

σnA)z0+

+
n−1∑
l=1

(t− t0)
σl−σ1Eσn,σl−σ1+1((t− t0)

σnA)zl+

+

t∫
t0

(t− s)σn−σ1−1Eσn,σn−σ1((t− s)σnA)By(s)ds,

Dσ2G(y)(t) = J1−α2
t D1

tD
σ1G(y)(t) =

=
1∑
l=0

(t− t0)
σn−σ2+σlAEσn,σn−σ2+σl+1((t− t0)

σnA)zl+
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+
n−1∑
l=2

(t− t0)
σl−σ2Eσn,σl−σ2+1((t− t0)

σnA)zl+

+J1−α2
t (t− t0)

σn−σ1−1Eσn,σn−σ1((t− t0)
σnA)By(t0)+

+J1−α2
t

t∫
t0

(t− s)σn−σ1−1Eσn,σn−σ1((t− s)σnA)D1
sB

y(s)ds =

=
1∑
l=0

(t− t0)
σn−σ2+σlAEσn,σn−σ2+σl+1((t− t0)

σnA)zl+

+
n−1∑
l=2

(t− t0)
σl−σ2Eσn,σl−σ2+1((t− t0)

σnA)zl+

+

t∫
t0

(t− s)σn−σ2−1Eσn,σn−σ2((t− s)σnA)By(s)ds,

DσkG(y)(t) = J1−αk
t D1

tD
σk−1G(y)(t) =

=
k−1∑
l=0

(t− t0)
σn−σk+σlAEσn,σn−σk+σl+1((t− t0)

σnA)zl+

+
n−1∑
l=k

(t− t0)
σl−σkEσn,σl−σk+1((t− t0)

σnA)zl+

+

t∫
t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)By(s)ds, (1.7.5)

ãäå σn−σk+σl ≥ σn−α1−α2−· · ·−αk ≥ α0+αn− 1 > 0, l = 0, 1, . . . , k− 1,

k = 1, 2, . . . , n− 1. Äàëåå

D1
tD

σkG(y)(t) =
k∑
l=0

(t− t0)
σn−σk+σl−1AEσn,σn−σk+σl((t− t0)

σnA)zl+

+
n−1∑
l=k+1

(t− t0)
σl−σk−1Eσn,σl−σk((t− t0)

σnA)zl+

+(t− t0)
σn−σk−1Eσn,σn−σk((t− t0)

σnA)By(t0)+
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+

t∫
t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)D1
sB

y(s)ds, k = 0, 1, . . . , n− 1,

(t− t0)
1−αk+1D1

tD
σkG(y)(t) =

k∑
l=0

(t− t0)
σn−σk+1+σlAEσn,σn−σk+σl((t− t0)

σnA)zl+

+
n−1∑
l=k+1

(t− t0)
σl−σk+1Eσn,σl−σk((t− t0)

σnA)zl+

+(t− t0)
σn−σk+1Eσn,σn−σk((t− t0)

σnA)By(t0)+

+(t− t0)
1−αk+1

t∫
t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)D1
sB

y(s)ds (1.7.6)

ïðè k = 0, 1, . . . , n− 2,

(t−t0)
3−α0−αn

2 D1
tD

σn−1G(y)(t) =
n−1∑
l=0

(t−t0)σl−σ0+
α0+αn−1

2 AEσn,σl+αn
((t−t0)σnA)zl+

+(t− t0)
1−α0+αn

2 Eσn,αn
((t− t0)

σnA)By(t0)+

+(t− t0)
3−α0−αn

2

t∫
t0

(t− s)αn−1Eσn,αn
((t− s)σnA)D1

sB
y(s)ds. (1.7.7)

Èìååì ïðè k = 0, 1, . . . , n− 2∥∥∥∥∥∥(t− t0)
1−αk+1

t∫
t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)D1
sB

y(s)ds

∥∥∥∥∥∥
Z

≤

≤ 2−αk+1

∥∥∥∥∥∥
t∫

t0

(t− s)σn−σk+1Eσn,σn−σk((t− s)σnA)D1
sB

y(s)ds

∥∥∥∥∥∥
Z

+

+2−αk+1

∥∥∥∥∥∥
t∫

t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)(s− t0)
1−αk+1×

×

(
By
s (s) +

n−1∑
l=0

By
l (s)D

1
sD

σly(s)

)
ds

∥∥∥∥∥
Z

≤
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≤ (t− t0)
σn−σk+1Eσn,σn−σk((t− t0)

σn∥A∥L(Z))∥By(t0)∥Z+

+

∥∥∥∥∥∥
t∫

t0

D1
s [(t− s)σn−σk+1Eσn,σn−σk((t− s)σnA)]By(s)ds

∥∥∥∥∥∥
Z

+

+C(t− t0)
σn−σk+1+1Eσn,σn−σk((t− t0)

σn∥A∥L(Z)) sup
s∈[t0,t0+τ ]

∥By
t (s)∥Z+

+C
n−2∑
l=0

(t− t0)
σn−σk+1+αl+1Eσn,σn−σk((t− t0)

σn∥A∥L(Z))×

× sup
t∈[t0,t0+τ ]

∥By
l (t)∥L(Z) sup

t∈[t0,t0+τ ]
[(t− t0)

1−αl+1∥D1
tD

σly(t)∥Z ]+

+C(t− t0)
σn−σk+1+α0+αn−1Eσn,σn−σk((t− t0)

σn∥A∥L(Z))×

× sup
t∈[t0,t0+τ ]

∥By
n−1(t)∥L(Z) sup

t∈[t0,t0+τ ]
[(t− t0)

2−α0−αn∥D1
tD

σn−1y(t)∥Z ] → 0

ïðè t→ t0+. Çäåñü èñïîëüçîâàíû óñëîâèå α0+αn > 1, íåðàâåíñòâî (t−t0)β ≤
2β−1[(t− s)β + (s− t0)

β], ñïðàâåäëèâîå äëÿ s ∈ [t0, t], è îöåíêà∥∥∥∥∥∥
t∫

t0

D1
s [(t− s)σn−σk+1Eσn,σn−σk((t− s)σnA)]By(s)ds

∥∥∥∥∥∥
Z

≤

≤ C sup
t∈[t0,t0+τ ]

∥By(t)∥L(Z)(t− t0)
σn−σk+1.

Ñëåäîâàòåëüíî, ñ ó÷åòîì ñîîòíîøåíèé σn−σk+1+σl ≥ σn−α1−α2−· · ·−αk+1 ≥
α0 + αn − 1 > 0, l = 0, 1, . . . , k, k = 1, 2, . . . , n− 2, è â ñèëó (1.7.6) èìååì ïðè

k = 0, 1, . . . , n− 2

lim
t→t0+

(t− t0)
1−αk+1D1

tD
σkG(y)(t) =

zk+1

Γ(αk+1)
.

Êðîìå òîãî,∥∥∥∥∥∥(t− t0)
3−α0−αn

2

t∫
t0

(t− s)αn−1Eσn,αn
((t− s)σnA)D1

sB
y(s)ds

∥∥∥∥∥∥
Z

≤

≤ 2
1−α0−αn

2

∥∥∥∥∥∥
t∫

t0

(t− s)
1−α0+αn

2 Eσn,αn
((t− s)σnA)D1

sB
y(s)ds

∥∥∥∥∥∥
Z

+
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+2
1−α0−αn

2

∥∥∥∥∥∥
t∫

t0

(t− s)αn−1Eσn,αn
((t− s)σnA)(s− t0)

3−α0−αn
2 ×

×

(
By
s (s) +

n−1∑
l=0

By
l (s)D

1
tD

σly(s)

)
ds

∥∥∥∥∥
Z

≤

≤ (t− t0)
1−α0+αn

2 Eσn,αn
((t− t0)

σn∥A∥L(Z))∥By(t0)∥Z+

+

∥∥∥∥∥∥
t∫

t0

D1
s [(t− s)

1−α0+αn
2 Eσn,αn

((t− s)σnA)]By(s)ds

∥∥∥∥∥∥
Z

+

+C(t− t0)
3−α0+αn

2 sup
s∈[t0,t0+τ ]

∥By
t (s)∥Z + C(t− t0)

1−α0+αn
2

n−2∑
l=0

(t− t0)
αl+1×

× sup
t∈[t0,t0+τ ]

∥By
l (t)∥L(Z) sup

t∈[t0,t0+τ ]
[(t− t0)

1−αl+1∥D1
tD

σly(t)∥Z ]+

+C(t− t0)
αn sup

t∈[t0,t0+τ ]
∥By

n−1(t)∥L(Z) sup
t∈[t0,t0+τ ]

[(t− t0)
3−α0−αn

2 ∥D1
tD

σn−1y(t)∥Z ] → 0

ïðè t→ t0 ñ ó÷åòîì òîãî, ÷òî∥∥∥∥∥∥
t∫

t0

D1
s [(t− s)

1−α0+αn
2 Eσn,αn

((t− s)σnA)]By(s)ds

∥∥∥∥∥∥
Z

≤

≤ C sup
t∈[t0,t0+τ ]

∥By(t)∥Z(t− t0)
1−α0+αn

2 .

Ïîýòîìó â ñèëó

lim
t→t0+

(t− t0)
3−α0−αn

2 D1
tD

σn−1G(y)(t) = 0,

G(y) ∈ C{αk}n0 ([t0, t0 + τ ];Z) è G(y) ∈ Sτ äëÿ äîñòàòî÷íî ìàëîãî τ > 0.

Äëÿ êàæäîãî t ∈ [t0, t0+τ ], k = 0, 1, . . . , n− 1, y, v ∈ Sτ , èìååì ñ ó÷åòîì

(1.7.5)�(1.7.7)

∥G(y)−G(v)∥
C{αk}

n
0 ([t0,t0+τ ];Z)

=

=

∥∥∥∥∥∥
t∫

t0

(t− s)σn−1Eσn,σn((t− s)σnA)(By(s)−Bv(s))ds

∥∥∥∥∥∥
C{αk}

n
0 ([t0,t0+τ ];Z)

=
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=
n−2∑
k=0

∥∥∥∥∥∥Dσk

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)(By(s)−Bv(s))ds

∥∥∥∥∥∥
C1

1−αk+1
([t0,t0+τ ];Z)

+

+

∥∥∥∥∥∥Dσn−1

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)(By(s)−Bv(s))ds

∥∥∥∥∥∥
C1

3−α0−αn
2

([t0,t0+τ ];Z)

=

=
n−1∑
k=0

∥∥∥∥∥∥Dσk

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)(By(s)−Bv(s))ds

∥∥∥∥∥∥
C([t0,t0+τ ];Z)

+

+
n−2∑
k=0

∥∥∥∥∥∥(t− t0)
1−αk+1D1

tD
σk

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)×

×(By(s)−Bv(s))ds∥C([t0,t0+τ ];Z)+

+

∥∥∥∥∥∥(t− t0)
3−α0−αn

2 D1
tD

σn−1

t∫
t0

(t− s)σn−1Eσn,σn((t− s)σnA)×

×(By(s)−Bv(s))ds∥C([t0,t0+τ ];Z) ≤

≤
n−1∑
k=0

sup
t∈[t0,t0+τ ]

∥∥∥∥∥∥
t∫

t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)(By(s)−Bv(s))ds

∥∥∥∥∥∥
Z

+

+
n−2∑
k=0

sup
t∈[t0,t0+τ ]

∥∥∥∥∥∥(t− t0)
1−αk+1

t∫
t0

(t− s)σn−σk−1Eσn,σn−σk((t− s)σnA)×

×D1
s(B

y(s)−Bv(s))ds
∥∥
Z +

+
n−2∑
k=0

sup
t∈[t0,t0+τ ]

∥∥(t− t0)
σn−σk+1Eσn,σn−σk((t− t0)

σnA)(By(t0)−Bv(t0))
∥∥
Z +

+ sup
t∈[t0,t0+τ ]

∥∥∥∥∥∥(t− t0)
3−α0−αn

2

t∫
t0

(t− s)αn−1Eσn,αn
((t− s)σnA)×

×D1
s(B

y(s)−Bv(s))ds
∥∥
Z +

+ sup
t∈[t0,t0+τ ]

∥∥∥(t− t0)
3−α0−αn

2 Eσn,αn
((t− t0)

σnA)(By(t0)−Bv(t0))
∥∥∥
Z
≤
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≤ C
n−1∑
k=0

n−1∑
l=0

τσn−σk sup
t∈[t0,t0+τ ]

∥Dσly(t)−Dσlv(t)∥Z+

+C
n−2∑
k=0

n−2∑
l=0

τσn−σk+1+αl+1 sup
t∈[t0,t0+τ ]

∥(t− t0)
1−αl+1(D1

tD
σly(t)−D1

tD
σlv(t))∥Z+

+C
n−2∑
k=0

τσn−σk+1+
α0+αn−1

2 sup
t∈[t0,t0+τ ]

∥(t− t0)
3−α0−αn

2 (D1
tD

σly(t)−D1
tD

σlv(t))∥Z+

+C
n−2∑
k=0

n−1∑
l=0

τσn−σk+1 sup
t∈[t0,t0+τ ]

∥Dσly(t)−Dσlv(t)∥Z+

+C
n−2∑
l=0

τ
1−α0+αn

2 +αl+1 sup
t∈[t0,t0+τ ]

∥(t− t0)
1−αl+1D1

t (D
σly(t)−Dσlv(t))∥Z+

+Cταn sup
t∈[t0,t0+τ ]

∥(t− t0)
3−α0−αn

2 D1
t (D

σn−1y(t)−Dσn−1v(t))∥Z+

+C
n−1∑
l=0

τ
3−α0−αn

2 sup
t∈[t0,t0+τ ]

∥Dσly(t)−Dσlv(t)∥Z ≤

≤ C1τ
min{ 1−α0+αn

2 ,αn}∥y − v∥
C{αk}

n
0 ([t0,t0+τ ];Z)

≤ d(y, v)

2

ïðè äîñòàòî÷íî ìàëîì τ > 0, âûáîð êîòîðîãî íå çàâèñèò îò y è v.

Ñëåäîâàòåëüíî, îïåðàòîð G èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó

y â Sτ , êîòîðàÿ è ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.7.1), (1.7.2) íà (t0, t0 + τ ].

Åäèíñòâåííîñòü ðåøåíèÿ ñëåäóåò èç åäèíñòâåííîñòè íåïîäâèæíîé òî÷êè G ñ

ó÷åòîì ëåììû 1.7.1.

1.8. Ïðèëîæåíèå ê îäíîìó êëàññó íà÷àëüíî-êðàåâûõ çàäà÷

1.8.1. Ëèíåéíîå óðàâíåíèå

Ïóñòü Pϱ(λ) =
ϱ∑
j=0

cjλ
j, Qϱ(λ) =

ϱ∑
j=0

djλ
j, cj, dj ∈ C, j = 0, 1, . . . , ϱ ∈ N0,

cϱ ̸= 0, Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω,

(Λu)(ξ) :=
∑
|q|≤2r

aq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, aq ∈ C∞(Ω),
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(Blu)(ξ) :=
∑
|q|≤rl

blq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, blq ∈ C∞(∂Ω), l = 1, 2, . . . , r,

q = (q1, q2, . . . , qd) ∈ Nd
0, |q| = q1+q2+ · · ·+qd, ïó÷îê îïåðàòîðîâ Λ, B1, . . . , Br

ðåãóëÿðíî ýëëèïòè÷åí [89]. Ïóñòü îïåðàòîð Λ1 ∈ Cl(L2(Ω)) ñ îáëàñòüþ îïðå-

äåëåíèÿ DΛ1
= H2r

{Bl}(Ω) := {v ∈ H2r(Ω) : Blv(ξ) = 0, l = 1, 2, . . . , r, ξ ∈ ∂Ω}
äåéñòâóåò êàê Λ1u := Λu. Ïðåäïîëîæèì, ÷òî Λ1 � ñàìîñîïðÿæåííûé îïåðà-

òîð, òîãäà ñïåêòð σ(Λ1) îïåðàòîðà Λ1 âåùåñòâåííûé, äèñêðåòíûé, ñ êîíå÷íîé

êðàòíîñòüþ [89]. Ïóñòü, êðîìå òîãî, ñïåêòð σ(Λ1) îãðàíè÷åí ñïðàâà è íå ñî-

äåðæèò íóëÿ, {φk : k ∈ N} ÿâëÿåòñÿ îðòîíîðìèðîâàííîé â L2(Ω) ñèñòåìîé

ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Λ1, ïðîíóìåðîâàííûõ â ïîðÿäêå íåâîçðàñ-

òàíèÿ ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé {λk : k ∈ N} ñ ó÷åòîì èõ

êðàòíîñòåé.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

Dσku(ξ, 0) = uk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ Ω, (1.8.1)

BlΛ
ku(ξ, t) = 0, k = 0, 1, . . . , ϱ−1, l = 1, 2, . . . , r, (ξ, t) ∈ ∂Ω× (0, T ], (1.8.2)

DσnPϱ(Λ)u(ξ, t) = Qϱ(Λ)u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× (0, T ], (1.8.3)

ãäå Dσk � äðîáíûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t,

ñîîòâåòñòâóþùèå íàáîðó {αk}nk=0, αk ∈ (0, 1], k = 0, 1, . . . , n, ôóíêöèÿ h :

Ω× [0, T ] → R çàäàíà.

Âîçüìåì ïðîñòðàíñòâà è îïåðàòîðû

X = {v ∈ H2rϱ(Ω) : BlΛ
kv(s) = 0, k = 0, 1, . . . , ϱ− 1, l = 1, 2, . . . , r, ξ ∈ ∂Ω},

Y = L2(Ω), L = Pϱ(Λ) ∈ L(X ;Y), M = Qϱ(Λ) ∈ L(X ;Y).

Ïóñòü Pϱ(λk) ̸= 0 äëÿ âñåõ k ∈ N, òîãäà ñóùåñòâóåò îáðàòíûé îïåðàòîð L−1 ∈
L(Y ;X ) è çàäà÷à (1.8.1)�(1.8.3) ìîæåò áûòü ñâåäåíà ê çàäà÷å (1.2.2), (1.4.1),

ãäå Z = X , A = L−1M ∈ L(Z), zk = uk(·), k = 0, 1, . . . , n−1, f(t) = L−1h(·, t).
Ïî òåîðåìå 1.4.1 ïðè α0 + αn > 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è
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(1.8.1)�(1.8.3) äëÿ ëþáûõ uk ∈ X , k = 0, 1, . . . , n − 1, è h ∈ C([0, T ];L2(Ω))

ïðè αn = 1, h ∈ C1
γ([0, T ];L2(Ω)), γ < 1, ïðè αn < 1 (â òàêîì ñëó÷àå L−1h ∈

C([0, T ];X ) ïðè αn = 1 è h ∈ C1
γ([0, T ];L2(Ω)) ïðè αn < 1 ñîîòâåòñòâåííî).

Â êà÷åñòâå ïðèìåðà âîçüìåì ϱ = 2, P2(λ) = λ2, Q2(λ) = a0+a1λ, d = 1,

Ω = (0, π), r = 1, Λu = ∂2u
∂s2 , B1 = I. Â òàêîì ñëó÷àå λk = −k2, φk(s) = sin ks,

k ∈ N. Çàäà÷à (1.8.1)�(1.8.3) ïðè ýòîì èìååò âèä

Dσn
∂4u

∂ξ4
(ξ, t) = a0u(ξ, t) + a1

∂2u

∂ξ2
(ξ, t) + h(ξ, t), (ξ, t) ∈ (0, π)× (0, T ],

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ (0, T ],

Dσku(ξ, 0) = uk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ (0, π).

1.8.2. Íåëèíåéíîå óðàâíåíèå

Ðàññìîòðèì òåïåðü íåëèíåéíóþ çàäà÷ó

Dσku(ξ, t0) = uk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ Ω, (1.8.1)

BlΛ
ku(ξ, t) = 0, k = 0, 1, . . . , ϱ−1, l = 1, 2, . . . , r, (ξ, t) ∈ ∂Ω×(t0, t1], (1.8.2)

DσnPn(Λ)u(ξ, t) = Qn(Λ)u(ξ, t) + F (ξ,Dσ0u(ξ, t), . . . , Dσn−1u(ξ, t)),

(ξ, t) ∈ Ω×(t0, t1], (1.8.3)

ãäå Dσk � äðîáíûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t,

k = 0, 1, . . . , n.

Âîçüìåì ïðîñòðàíñòâà è îïåðàòîðû

X ={v∈H2rϱ+r0(Ω) :BlΛ
kv(ξ)=0, k = 0, 1, . . . , ϱ− 1, l = 1, 2, . . . , r, ξ ∈ ∂Ω},

Y = Hr0(Ω), L = Pϱ(Λ) ∈ L(X ;Y), M = Qϱ(Λ) ∈ L(X ;Y).

Â ïðåäïîëîæåíèè Pϱ(λk) ̸= 0 äëÿ âñåõ k ∈ N çàäà÷ó (1.8.1)�(1.8.3) ïðåäñòàâèì

â âèäå (1.7.1), (1.7.2), ãäå Z = X , A = L−1M ∈ L(Z), zk = uk(·), k =

0, 1, . . . , n− 1, B(x0, x1, . . . , xn−1) = L−1F (·, x0, x1, . . . , xn−1).

Ñôîðìóëèðóåì ñíà÷àëà âàæíóþ òåîðåìó.



55

Òåîðåìà 1.8.1. [47]. Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rd ñ ãëàäêîé ãðà-

íèöåé, g ∈ C∞(Ω × Rd;R), l > d/2, îòîáðàæåíèå F äåéñòâóåò ïî ïðàâèëó

F (v1, v2, . . . , vd) = g(·, v1(·), v2(·), . . . , vd(·)). Òîãäà F ∈ C∞((H l(Ω))d;H l(Ω)).

Òåîðåìà 1.8.2. Ïóñòü αk ∈ (0, 1), k = 0, 1, . . . , n, α0+αn > 1, ñïåêòð σ(Λ1)

íå ñîäåðæèò òî÷êè 0 è íóëåé ïîëèíîìà Pϱ(λ), 4rϱ + 2r0 > d, uk ∈ X , k =

0, 1 . . . , n− 1, F ∈ C∞(Ω×Rn;R). Òîãäà ïðè íåêîòîðîì t1 > t0 ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (1.8.1)�(1.8.3) â öèëèíäðå Ω× [t0, t1].

Äîêàçàòåëüñòâî. Â òåîðåìå 1.7.1 âîçüìåì Z = R × X n è â ñèëó óñëîâèÿ

4rϱ+ 2r0 > d ïî òåîðåìå 1.8.1 èìååì

F (·, x0(·), x1(·), . . . , xn−1(·)) ∈ C∞((H2rϱ+r0(Ω))n;H2rϱ+r0(Ω)),

ïîýòîìó îïåðàòîð B(x0(·),. . ., xn−1(·)) := L−1F (·, x0(·),. . ., xn−1(·)) ïðèíàäëå-
æèò êëàññó C∞((H2pr1+r0(Ω))n;H2rϱ+r0(Ω)). Ïî òåîðåìå 1.7.1 ïîëó÷àåì òðåáó-

åìîå.
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2. Âûðîæäåííûå ýâîëþöèîííûå óðàâíåíèÿ

ñ îòíîñèòåëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ

2.1. (L, σ)-îãðàíè÷åííûå îïåðàòîðû

Ïóñòü L ∈ L(X ;Y), M ∈ Cl(X ;Y), DM îáëàñòü îïðåäåëåíèÿ îïåðàòîðà

M , ñíàáæåííàÿ åãî íîðìîé ãðàôèêà. Îïðåäåëèì L-ðåçîëüâåíòíîå ìíîæåñòâî

ρL(M) := {µ ∈ C : (µL − M)−1 ∈ L(Y ;X )} îïåðàòîðà M è åãî L-ñïåêòð

σL(M) := C\ρL(M), îáîçíà÷èì RL
µ(M) := (µL−M)−1L, LLµ := L(µL−M)−1.

Îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì, åñëè

∃a > 0 ∀µ ∈ C (|µ| > a) ⇒ (µ ∈ ρL(M)) .

Ëåììà 2.1.1. [87]. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí, γ = {µ ∈ C : |µ| =
r > a}. Òîãäà îïåðàòîðû

P :=
1

2πi

∫
γ

RL
µ(M) dµ ∈ L(X ), Q :=

1

2πi

∫
γ

LLµ(M) dµ ∈ L(Y)

ÿâëÿþòñÿ ïðîåêòîðàìè.

Ïîëîæèì X 0 := kerP , X 1 := imP , Y0 := kerQ, Y1 := imQ. Îáîçíà÷èì

÷åðåç Lk (Mk) ñóæåíèå îïåðàòîðà L (M) íà X k (DMk
= DM ∩ X k), k = 0, 1.

Òåîðåìà 2.1.1. [87]. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà

(i) M1 ∈ L
(
X 1;Y1

)
, M0 ∈ Cl

(
X 0;Y0

)
, Lk ∈ L

(
X k;Yk

)
, k = 0, 1;

(ii) ñóùåñòâóþò îïåðàòîðû M−1
0 ∈ L

(
Y0;X 0

)
, L−1

1 ∈ L
(
Y1;X 1

)
.

Îáîçíà÷èì G := M−1
0 L0. Äëÿ p ∈ N0 îïåðàòîð M íàçûâàåòñÿ (L, p)-

îãðàíè÷åííûì, åñëè îí (L, σ)-îãðàíè÷åí, Gp ̸= 0, Gp+1 = 0.

2.2. Ëèíåéíîå âûðîæäåííîå óðàâíåíèå

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

Dσkx(0) = xk, k = 0, 1, . . . , n− 1, (2.2.1)
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äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

DσnLx(t) =Mx(t) + g(t), (2.2.2)

â êîòîðîé, êàê è ïðåæäå, Dσk � äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñå-

ñÿíà, çàäàííàÿ íàáîðîì ÷èñåë {α0, α1, . . . , αn}, 0 < αk ≤ 1, k = 0, 1, . . . , n,

g ∈ C([0, T ];Y).

Ðåøåíèåì çàäà÷è (2.2.1), (2.2.2) íàçûâàåòñÿ ôóíêöèÿ x : (0, T ] → DM ,

äëÿ êîòîðîéMx ∈ C((0, T ];Y), x ∈ L1(0, T ;X ),Dσkx ∈ C([0, T ];X ),DσkPx ∈
AC([0, T ];X ), k = 0, 1, . . . , n − 1, DσnLx ∈ C((0, T ];Y), ðàâåíñòâî (2.2.2)

âûïîëíÿåòñÿ äëÿ âñåõ t ∈ (0, T ] è âûïîëíåíû óñëîâèÿ (2.2.1).

Ëåììà 2.2.1. Ïóñòü H ∈ L(X ) � íèëüïîòåíòíûé îïåðàòîð ñòåïåíè p ∈
N0, ôóíêöèÿ h : [0, T ] → X òàêîâà, ÷òî (DσnH)lh ∈ C((0, T ];X ) ïðè l =

0, 1, . . . , p, Dσk(DσnH)lh ∈ C([0, T ];X ) äëÿ k = 0, 1, . . . , n − 1, l = 0, 1, . . . , p.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

DσnHx(t) = x(t) + h(t), (2.2.3)

ïðè ýòîì îíî èìååò âèä

x(t) = −
p∑
l=0

(DσnH)lh(t). (2.2.4)

Äîêàçàòåëüñòâî. Ïîäñòàíîâêîé ïðîâåðÿåòñÿ, ÷òî 2.2.4 � ðåøåíèå óðàâíåíèÿ.

Ïóñòü z = z(t) � ðåøåíèå óðàâíåíèÿ (2.2.3). Ïîäåéñòâóåì îïåðàòîðîì

H íà îáå ÷àñòè (2.2.3) è ïîëó÷èì ðàâåíñòâî

HDσnHz(t) = Hz(t) +Hh(t).

Â ñèëó óñëîâèé òåîðåìû äðîáíàÿ ïðîèçâîäíàÿ Dσn ñóùåñòâóåò äëÿ ïðàâîé

÷àñòè ýòîãî ðàâåíñòâà, à çíà÷èò, ñóùåñòâóåò è äëÿ åãî ëåâîé ÷àñòè. Äåéñòâóÿ

îïåðàòîðîì Dσn íà îáå ÷àñòè ýòîãî ðàâåíñòâà, ïîëó÷èì

(DσnH)2z(t) = DσnHz(t) +Dσn
t Hh(t) = z(t) + h(t) +DσnHh(t).
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Ïîñëåäîâàòåëüíî ïðîäîëæàÿ òàêèå ðàññóæäåíèÿ, íà p-ì øàãå ïîëó÷àåì ðà-

âåíñòâî

(DσnH)p+1z(t) = z(t) +

p∑
l=0

(DσnH)lh(t).

Â ñèëó íåïðåðûâíîñòè è íèëüïîòåíòíîñòè îïåðàòîðà H, èìååì

(DσnH)p+1z(t) = (Dσn)p+1Hp+1z(t) ≡ 0.

Ñëåäîâàòåëüíî, ðàâåíñòâî (2.2.4) äëÿ ôóíêöèè z âûïîëíåíî. Îòñþäà ñëåäóåò

åäèíñòâåííîñòü ðåøåíèÿ óðàâíåíèÿ (2.2.3). Äåéñòâèòåëüíî, ðàçíîñòü äâóõ ðå-

øåíèé ñîîòâåòñòâóåò ðåøåíèþ óðàâíåíèÿ (2.2.3) ñ ôóíêöèåé h ≡ 0. Ñîãëàñíî

ôîðìóëå (2.2.4), åå ðåøåíèå òîæäåñòâåííî ðàâíî íóëþ.

Òåîðåìà 2.2.1. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, 0 < αk ≤ 1, k =

0, 1 . . . , n, α0+αn > 1, g ∈ C([0, T ];Y) ïðè αn = 1 è g ∈ C1
γ([0, T ];Y) äëÿ íåêî-

òîðîãî γ < 1 ïðè αn < 1, (DσnG)lM−1
0 (I −Q)g ∈ C((0, T ];X ), l = 0, 1, . . . , p,

Dσk(DσnG)lM−1
0 (I −Q)g ∈ C([0, T ];X ) äëÿ k = 0, 1, . . . , n− 1, l = 0, 1, . . . , p,

xk ∈ X óäîâëåòâîðÿþò óñëîâèÿì

(I−P )xk = −Dσk

p∑
l=0

(DσnG)lM−1
0 (I−Q)g(t)|t=0, k = 0, 1, . . . n− 1. (2.2.5)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.2.1), (2.2.2) è îíî èìååò

âèä

x(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnL−1

1 M)Pxk+

+

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnL−1
1 M)L−1

1 Qg(s)ds−

−
p∑
l=0

(DσnG)lM−1
0 (I −Q)g(t). (2.2.6)

Äîêàçàòåëüñòâî. Ïîäåéñòâóåì íà (2.2.2) îïåðàòîðîì L−1
1 Q ∈ L(Y1;X 1) è

ïîëó÷èì óðàâíåíèå

Dσnv(t) = L−1
1 M1v(t) + L−1

1 Qg(t), (2.2.7)
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ãäå v(t) = Px(t). Åñëè òàêèì æå îáðàçîì ïîäåéñòâîâàòü íà óðàâíåíèå îïåðà-

òîðîì M−1
0 (I −Q) ∈ L(Y0;X 0), òî ïîëó÷èì óðàâíåíèå

DσnGw(t) = w(t) +M−1
0 (I −Q)g(t), (2.2.8)

ãäå w(t) = (I−P )x(t). Ïðè ýòîì èñïîëüçîâàíû ðàâåíñòâà L−1
1 QL = L−1

1 LP =

P ,M−1
0 (I−Q)M =M−1

0 M(I−P ) = I−P , ñïðàâåäëèâûå â ñèëó òåîðåìû 2.1.1.

Óðàâíåíèÿ (2.2.7) è (2.2.8) ñíàáæåíû íà÷àëüíûìè óñëîâèÿìè

Dσkv(0) = Pxk, k = 0, 1, . . . , n− 1, (2.2.9)

Dσkw(0) = (I − P )xk, k = 0, 1, . . . , n− 1. (2.2.10)

Ïî òåîðåìå 1.4.1 çàäà÷à (2.2.7), (2.2.9) èìååò åäèíñòâåííîå ðåøåíèå âèäà

v(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnL−1

1 M)Pxk+

+

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnL−1
1 M)L−1

1 Qg(s)ds.

Ïî ëåììå 2.2.1, åñëè âûïîëíåíû óñëîâèÿ (2.2.5), çàäà÷à (2.2.8), (2.2.10)

èìååò åäèíñòâåííîå ðåøåíèå

w(t) = −
p∑
l=0

(DσnG)lM−1
0 (I −Q)g(t).

Â ýòîì ñëó÷àå èñïîëüçîâàíû óñëîâèÿ Dσk(DσnG)lM−1
0 (I −Q)g ∈ C([0, T ];X )

äëÿ k = 0, . . . , n− 1, l = 0, 1, . . . , p.

×òîáû èçáåæàòü íåîáõîäèìîñòè óäîâëåòâîðÿòü óñëîâèÿì ñîãëàñîâàíèÿ

(2.2.5), ðàññìîòðèì çàäà÷ó

DσkPx(0) = xk, k = 0, 1, . . . , n− 1, (2.2.11)

äëÿ óðàâíåíèÿ (2.2.2). Åå ðåøåíèåì íàçûâàåòñÿ ôóíêöèÿ x : (0, T ] → DM ,

äëÿ êîòîðîé x ∈ C((0, T ];DM), x ∈ L1(0, T ;X ), DσkPx ∈ AC([0, T ];X ), k =

0, 1, . . . , n − 1, DσnLx ∈ C((0, T ];Y), ðàâåíñòâî (2.2.2) âûïîëíÿåòñÿ äëÿ âñåõ

t ∈ (0, T ] è âûïîëíåíû óñëîâèÿ (2.2.11).
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Çàìå÷àíèå 2.2.1. Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè p = 0 íà÷àëüíûå óñëîâèÿ

(2.2.11) ýêâèâàëåíòíû óñëîâèÿì

DσkLx(0) = yk, k = 0, 1, . . . , n− 1, (2.2.12)

ãäå yk = Lxk, èëè xk = L−1
1 yk, k = 0, 1, . . . , n− 1.

Òåîðåìà 2.2.2. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, 0 < αk ≤ 1, k =

0, 1 . . . , n, α0+αn > 1, g ∈ C([0, T ];Y) ïðè αn = 1 è g ∈ C1
γ([0, T ];Y) äëÿ íåêî-

òîðîãî γ < 1 ïðè αn < 1, (DσnG)lM−1
0 (I −Q)g ∈ C((0, T ];X ), l = 0, 1, . . . , p,

xk ∈ X 1, k = 0, 1, . . . n− 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è

(2.2.2), (2.2.11), è îíî èìååò âèä (2.2.6).

Äîêàçàòåëüñòâî. Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè äëÿ çàäà÷è (2.2.2),

(2.2.11) äîêàçûâàåòñÿ àíàëîãè÷íî ñ ïîìîùüþ ñâåäåíèÿ ê ñèñòåìå (2.2.7), (2.2.8)

ñ íà÷àëüíûìè óñëîâèÿìè (2.2.9) è áåç óñëîâèé (2.2.10).

2.3. Êâàçèëèíåéíîå óðàâíåíèå ñ îãðàíè÷åíèåì íà îáðàç

íåëèíåéíîãî îïåðàòîðà

Ïóñòü Dσn � äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñåñÿíà, àññîöèèðîâàí-

íàÿ ñ ïîñëåäîâàòåëüíîñòüþ {αk}, 0 < αk ≤ 1, k = 0, 1, . . . , n, L ∈ L(X ;Y),

kerL ̸= {0}, M ∈ Cl(X ;Y) (L, σ)-îãðàíè÷åí, X � îòêðûòîå ìíîæåñòâî â

R×X n, îïåðàòîð N : X → Y íåëèíåéíûé.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

DσkPx(t0) = xk, k = 0, 1, . . . , n− 1, (2.3.1)

äëÿ íåëèíåéíîãî óðàâíåíèÿ

DσnLx(t) =Mx(t) +N(t,Dσ0x(t), Dσ1x(t), . . . , Dσn−1x(t)) + f(t). (2.3.2)

Ôóíêöèÿ x : (t0, t1] → DM íàçûâàåòñÿ ðåøåíèåì çàäà÷è (2.3.1), (2.3.2)

íà [t0, t1], åñëè Mx ∈ C((t0, t1];Y), x ∈ L1(0, T ;X ), DσkPx ∈ AC([t0, t1];X )
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ïðè k = 0, 1, . . . , n − 1, DσnLx ∈ C((t0, t1];X ), ïðè t ∈ [t0, t1] âûïîëíÿåòñÿ

âêëþ÷åíèå (t,Dσ0x(t), Dσ1x(t), . . . , Dσn−1x(t)) ∈ X, ïðè t ∈ (t0, t1] � ðàâåí-

ñòâî (2.3.2), à òàêæå âûïîëíåíû óñëîâèÿ (2.3.1).

Ïðåäïîëîæèì, ÷òî imN ⊂ Y1. Òîãäà â óðàâíåíèè (2.3.2) ôóíêöèÿ f :

[t0, T ] → Y íå ìîæåò áûòü çàäàíà êàê ÷àñòü îïåðàòîðà N áåç ïîòåðè îáùíî-

ñòè.

Òåîðåìà 2.3.1. Ïóñòü 0 < αk < 1, k = 0, 1, . . . , n, α0 +αn > 1, îïåðàòîð M

(L, p)-îãðàíè÷åí, X � îòêðûòîå ìíîæåñòâî â ïðîñòðàíñòâå R×X n, N ∈
C1(X;X ), imN ⊂ Y1, f ∈ C((t0, T ];Y), Qf ∈ C1([t0, T ];Y), (DσnG)lM−1

0 (I −
Q)f ∈ C((t0, T ];X ), Dσk(DσnG)lM−1

0 (I −Q)f ∈ C1([t0, T ];X ), l = 0, 1, . . . , p,

xk ∈ X 1, k = 0, 1, . . . , n − 1, ïðè ýòîì (t0, x0, x1, . . . , xn−1) ∈ X. Òîãäà ïðè

íåêîòîðîì t1 > t0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.3.1), (2.3.2)

íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Ïîñêîëüêó imN ⊂ Y1, òî (I −Q)N ≡ 0, QN ≡ N .

Ââåäåì îáîçíà÷åíèÿ v(t) := Px(t), w(t) := (I − P )x(t), S := L−1
1 M1 ∈

L(X 1), G := M−1
0 L0 ∈ L(X 0). Ïîäåéñòâóåì íà óðàâíåíèå (2.3.2) îïåðàòîðîì

M−1
0 (I − Q) è ñ ó÷åòîì î÷åâèäíûõ ðàâåíñòâ LP = QL, MPx = QMx ïðè

ëþáîì x ∈ DM ïîëó÷èì

DσnGw(t) = w(t) +M−1
0 (I −Q)f(t).

Ïî ëåììå 2.2.1 äàííîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå, ïðè ýòîì îíî

èìååò âèä

w(t) = −
p∑
l=0

(DσnG)lM−1
0 (I −Q)f(t). (2.3.3)

Ïîñëå ïîäñòàíîâêè íàéäåííîãî ðåøåíèÿ w(t) â èñõîäíîå óðàâíåíèå îñòàåòñÿ

íàéòè v(t). Ïîäåéñòâóåì îïåðàòîðîì L−1
1 Q íà (2.3.2) è ïîëó÷èì óðàâíåíèå

Dσnv(t) = Sv(t) + L−1
1 QN(t,Dσ0(v(t) + w(t)), . . . , Dσn−1(v(t) + w(t)))+

+L−1
1 Qf(t), (2.3.4)
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ñíàáæåííîå íà÷àëüíûìè óñëîâèÿìè (2.3.1), êîòîðûå ïåðåïèøåì â âèäå

Dσkv(t0) = xk, k = 0, 1, . . . , n− 1. (2.3.5)

Òåì ñàìûì çàäà÷à (2.3.1), (2.3.2) ðåäóöèðîâàíà ê çàäà÷å (1.7.1), (1.7.2) â ïðî-

ñòðàíñòâå Z = X 1 ñ îãðàíè÷åííûì îïåðàòîðîì A = S è íåëèíåéíûì îïåðà-

òîðîì

B(t, y0, y1, . . . , yn−1) :=

L−1
1 QN(t, y0 +Dσ0w(t), y1 +Dσ1w(t), . . . , yn−1 +Dσn−1w(t)) + L−1

1 Qf(t),

ãäå ôóíêöèÿ w èìååò âèä (2.3.3). Ïî òåîðåìå 1.7.1 ïîëó÷èì ñóùåñòâîâàíèå

åäèíñòâåííîãî ëîêàëüíîãî ðåøåíèÿ v çàäà÷è (2.3.4), (2.3.5), à çíà÷èò, è åäèí-

ñòâåííîãî ëîêàëüíîãî ðåøåíèÿ x = v + w çàäà÷è (2.3.1), (2.3.2).

2.4. Óðàâíåíèå ñ íåëèíåéíûì îïåðàòîðîì,

çàâèñÿùèì òîëüêî îò ýëåìåíòîâ X 0

Îòêàçàâøèñü îò óñëîâèÿ imN ⊂ Y1, ïåðåïèøåì óðàâíåíèå (2.3.2) áåç ôóíê-

öèè f :

DσnLx(t) =Mx(t) +N(t,Dσ0x(t), Dσ1x(t), . . . , Dσn−1x(t)). (2.4.1)

×åðåç [(I−Q)N ]′xn−1
(t, z0, z1, . . . , zn−1) îáîçíà÷èì ïðîèçâîäíóþ Ôðåøå îïåðà-

òîðà (I −Q)N ïî ïîñëåäíåìó àðãóìåíòó xn−1 â òî÷êå (t, z0, z1, . . . , zn−1) ∈ X.

Îáîçíà÷èì ïðîåêòîð âäîëü X 1 íà X 0 êàê P0 := I − P . Îáîçíà÷èì òàêæå

W := X ∩ (R× (X 0)n).

Òåîðåìà 2.4.1. Ïóñòü α0 = 1, 0 < αk ≤ 1, k = 1, 2, . . . , n, îïåðàòîð M

(L, 0)-îãðàíè÷åí, ìíîæåñòâî X îòêðûòî â R×X n; N ∈ C(X;Y), äëÿ âñåõ

(t, z0, . . . , zn−1) ∈ X N(t, z0, . . . , zn−1) = N1(t, P0z0, . . . , P0zn−1) äëÿ íåêîòî-

ðîãî N1 ∈ C(W ;Y), (I − Q)N1 ∈ C1(W ;Y); x0, x1 . . . xn−2 ∈ X , xn−1 ∈
X 1, îòîáðàæåíèå M−1

0 [(I − Q)N1]
′
xn−1

(t, z0, z1, . . . , zn−1) : X 0 → X 0 ÿâëÿåò-

ñÿ áèåêöèåé ïðè âñåõ ýëåìåíòàõ (t, z0, z1, . . . , zn−1) èç îêðåñòíîñòè òî÷êè
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(t0, P0x0, P0x1, . . . , P0xn−2, 0) ∈ W, ïðè ýòîì

P0x0 +M−1
0 (I −Q)N1(t0, P0x0, P0x1, . . . , P0xn−2, 0) = 0. (2.4.2)

Òîãäà íàéäåòñÿ òàêîå t1 > t0, ÷òî çàäà÷à

Dσkx(t0) = xk, k = 0, 1, . . . , n− 2, Dσn−1Px(t0) = xn−1 (2.4.3)

äëÿ óðàâíåíèÿ (2.4.1) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Êàê â ïðåäûäóùåì äîêàçàòåëüñòâå, ñ ïîìîùüþ îïåðàòîðà

M−1
0 (I −Q) ïîëó÷èì óðàâíåíèå

0 = w(t) +M−1
0 (I −Q)N1 (t,D

σ0w(t), Dσ1w(t), . . . , Dσn−1w(t)) , (2.4.4)

ãäå w(t) = P0x(t). Ïðè ýòîì ïðèíÿòà âî âíèìàíèå (L, 0)-îãðàíè÷åííîñòü îïå-

ðàòîðàM . Ïî òåîðåìå î íåÿâíîé ôóíêöèè, òàê êàê ïðè t, áëèçêèõ ê t0, ñóùå-

ñòâóåò îáðàòíûé îïåðàòîð(
M−1

0 [(I −Q)N1]
′
xn−1

(t,Dσ0w(t), Dσ1w(t), . . . , Dσn−1w(t))
)−1 ∈ L(X 0)

è âûïîëíÿåòñÿ óñëîâèå (2.4.2), óðàâíåíèå (2.4.4) ìîæåò áûòü ðàçðåøåíî îò-

íîñèòåëüíî Dσn−1w(t) ïðè t èç íåêîòîðîãî èíòåðâàëà (t0 − δ, t0 + δ). Ïîëó÷èì

óðàâíåíèå

Dσn−1w(t) = R(t,Dσ0w(t), Dσ1w(t), . . . , Dσn−2w(t)), (2.4.5)

ãäå Dσ0w(t) = w(t) â ñèëó ðàâåíñòâà α0 = 1, ñ îòîáðàæåíèåì R ∈ C1(W ;Y).

Èç òåîðåìû 1.7.1 ñëåäóåò ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è

Dσkw(t0) = P0xk, k = 0, 1, . . . , n− 2,

äëÿ óðàâíåíèÿ (2.4.5) íà íåêîòîðîì îòðåçêå [t0, t1].

Ðàññìîòðèì çàäà÷ó

Dσkv(t0) = Pxk, k = 0, 1, . . . , n− 1,
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äëÿ óðàâíåíèÿ

Dσnv(t) = Sv(t) + L−1
1 QN1(t,D

σ0w(t), Dσ1w(t), . . . , Dσn−1w(t)),

ïîëó÷åííîãî ïîñëå äåéñòâèÿ îïåðàòîðîì L−1
1 Q íà óðàâíåíèå (2.4.1), ãäå S =

L−1
1 M1 ∈ L(X 1) â ñèëó òåîðåìû 2.1.1. Ýòî óðàâíåíèå ëèíåéíî ïðè èçâåñòíîì

w. Òàê êàê ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ íåïðåðûâíà íà [t0, t1], îäíîçíà÷íàÿ

ðàçðåøèìîñòü íà [t0, t1] ýòîé çàäà÷è ñëåäóåò èç òåîðåìû 1.4.1.

2.5. Óðàâíåíèå ñ íåëèíåéíûì îïåðàòîðîì,

çàâèñÿùèì òîëüêî îò ýëåìåíòîâ X 1

Ïóñòü X � îòêðûòîå ìíîæåñòâî â R×X n, îïåðàòîð N : X → Y íåëèíåéíûé.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó òèïà Øîóîëòåðà � Ñèäîðîâà äëÿ êâàçèëèíåé-

íîãî óðàâíåíèÿ

DσnLx(t) =Mx(t) +N(t,Dσ0x(t), Dσ1x(t), . . . , Dσn−1x(t)), (2.5.1)

DσkPx(t0) = xk, k = 0, 1, . . . , n− 1. (2.5.2)

Îáîçíà÷èì V := X ∩ (R × (X 1)n). Â ñëåäóþùåé òåîðåìå ìû áóäåì

èñïîëüçîâàòü ïðåäïîëîæåíèå, ÷òî äëÿ âñåõ (t0, z0, . . . , zn−1) ∈ X ðàâåíñòâî

N(t0, z0, . . . , zn−1) = N1(t0, P z0, . . . , P zn−1) âûïîëíåíî äëÿ íåêîòîðîãî îòîá-

ðàæåíèÿ N1 : V → Y .
Ôóíêöèÿ x : (t0, t1] → DM íàçûâàåòñÿ ðåøåíèåì çàäà÷è (2.5.1), (2.5.2)

íà îòðåçêå [t0, t1], åñëè Mx ∈ C((t0, t1];Y), x ∈ L1(t0, t1;X ), äëÿ âñåõ k =

0, 1, . . . , n − 1 DσkPx ∈ AC([t0, t1];X ), DσnLx ∈ C((t0, t1];X ), ïðè t ∈ [t0, t1]

(t,Dσ0Px(t), Dσ1Px(t), . . . , Dσn−1Px(t)) ∈ V , ðàâåíñòâî (2.5.1) âûïîëíÿåòñÿ

äëÿ âñåõ t ∈ (t0, t1] è âûïîëíåíû óñëîâèÿ (2.5.2).

Òåîðåìà 2.5.1. Ïóñòü 0 < αk ≤ 1, k = 0, 1 . . . , n, α0 + αn > 1, îïåðàòîð M

(L, 0)-îãðàíè÷åí, X � îòêðûòîå ìíîæåñòâî â ïðîñòðàíñòâå R × X n, N :

X → Y, äëÿ âñåõ (t0, z0, . . . , zn−1) ∈ X âåðíî ðàâåíñòâî N(t0, z0, . . . , zn−1) =
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N1(t0, P z0, . . . , P zn−1) ïðè íåêîòîðîì N1 ∈ C1(V ;Y). Òîãäà äëÿ ïðîèçâîëü-

íîãî (t0, x0, x1, . . . , xn−1) ∈ V ñóùåñòâóåò t1 > t0, òàêîå ÷òî çàäà÷à (2.5.1),

(2.5.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèÿ v(t) := Px(t), w(t) := (I − P )x(t),

S1 := L−1
1 M1. Ïîäåéñòâóåì íà óðàâíåíèå (2.5.1) îïåðàòîðîì M−1

0 (I − Q),

îïåðàòîðîì L−1
1 Q è ïîëó÷àåì çàäà÷ó äëÿ ñèñòåìû óðàâíåíèé íà âçàèìíî äî-

ïîëíÿþùèõ äðóã äðóãà ïîäïðîñòðàíñòâàõ X 1 è X 0

Dσnv(t) = S1v(t) + L−1
1 QN1(t,D

σ0v(t), Dσ1v(t), . . . , Dσn−1v(t)), (2.5.3)

Dσkv(t0) = xk, k = 0, 1, . . . , n− 1, (2.5.4)

0 = w(t) +M−1
0 (I −Q)N1(t,D

σ0v(t), Dσ1v(t), . . . , Dσn−1v(t)).

Çäåñü ìû èñïîëüçóåì ðàâåíñòâî L0 = 0, êîòîðîå ñïðàâåäëèâî â ñèëó (L, 0)-

îãðàíè÷åííîñòè îïåðàòîðà M . Ïîñêîëüêó V � îòêðûòîå ìíîæåñòâî â ïðî-

ñòðàíñòâå R × (X 1)n, L−1
1 QN1 ∈ C1(V ;X ), òî çàäà÷à (2.5.3), (2.5.4) èìååò

åäèíñòâåííîå ðåøåíèå v íà îòðåçêå [t0, t1] ïðè íåêîòîðîì t1 > t0 ïî òåîðå-

ìå 1.7.1. Ñëåäîâàòåëüíî,

w(t) = −M−1
0 (I −Q)N1(t,D

σ0v(t), Dσ1v(t), . . . , Dσn−1v(t)),

ãäå v � ðåøåíèå çàäà÷è (2.5.3), (2.5.4). Òàêèì îáðàçîì, ñóùåñòâóåò åäèíñòâåí-

íîå ðåøåíèå x(t) = v(t) + w(t) çàäà÷è (2.5.1), (2.5.2).

2.6. Îäèí êëàññ âûðîæäåííûõ íà÷àëüíî-êðàåâûõ çàäà÷

Ïóñòü Pϱ(λ) =
ϱ∑
j=0

cjλ
j, Qϱ(λ) =

ϱ∑
j=0

djλ
j, cj, dj ∈ C, j = 0, 1, . . . , ϱ ∈ N0,

cϱ ̸= 0, Ω ⊂ Rd îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω,

(Λu)(ξ) :=
∑
|q|≤2r

aq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, ξq ∈ C∞(Ω),

(Blu)(ξ) :=
∑
|q|≤rl

blq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, blq ∈ C∞(∂Ω), l = 1, 2, . . . , r,
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q = (q1, q2, . . . , qd) ∈ Nd
0, |q| = q1+ · · ·+ qd, ïó÷îê îïåðàòîðîâ Λ, B1, B2, . . . , Br

ðåãóëÿðíî ýëëèïòè÷åí [89]. Ïóñòü îïåðàòîð Λ1 ∈ Cl(L2(Ω)) ñ îáëàñòüþ îïðå-

äåëåíèÿ DΛ1
= H2r

{Bl}(Ω) := {v ∈ H2r(Ω) : Blv(ξ) = 0, l = 1, 2, . . . , r, ξ ∈ ∂Ω}
äåéñòâóåò êàê Λ1u := Λu. Ïðåäïîëîæèì, ÷òî Λ1 ñàìîñîïðÿæåííûé îïåðà-

òîð, òîãäà ñïåêòð σ(Λ1) îïåðàòîðà Λ1 âåùåñòâåííûé, äèñêðåòíûé, ñ êîíå÷íîé

êðàòíîñòüþ [89]. Ïóñòü, êðîìå òîãî, ñïåêòð σ(Λ1) îãðàíè÷åí ñïðàâà è íå ñî-

äåðæèò íóëÿ, {φk : k ∈ N} ÿâëÿåòñÿ îðòîíîðìèðîâàííîé â L2(Ω) ñèñòåìîé

ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Λ1, ïðîíóìåðîâàííûõ â ïîðÿäêå íåâîçðàñ-

òàíèÿ ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé {λk : k ∈ N} ñ ó÷åòîì èõ

êðàòíîñòåé.

Ðàññìîòðèì óðàâíåíèå

DσnPϱ(Λ)u(ξ, t) = Qϱ(Λ)u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× (0, T ], (2.6.1)

ñíàáæåííîå êðàåâûìè óñëîâèÿìè

BlΛ
ku(ξ, t) = 0, k = 0, 1, . . . , ϱ−1, l = 1, 2, . . . , r, (ξ, t) ∈ ∂Ω× (0, T ], (2.6.2)

ãäå Dσk � äðîáíûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t,

ñîîòâåòñòâóþùèå íàáîðó {αk}nk=0, αk ∈ (0, 1], k = 0, 1, . . . , n, ôóíêöèÿ h :

Ω× [0, T ] → R.
Âîçüìåì ïðîñòðàíñòâà è îïåðàòîðû

X = {v ∈ H2rϱ(Ω) : BlΛ
kv(ξ) = 0, k = 0, 1, . . . , ϱ− 1, l = 1, 2, . . . , r, ξ ∈ ∂Ω},

Y = L2(Ω), L = Pϱ(Λ) ∈ L(X ;Y), M = Qϱ(Λ) ∈ L(X ;Y).

Â îòëè÷èå îò àíàëîãè÷íîé çàäà÷è â �1.8, ïðåäïîëîæèì, ÷òî Pϱ(λk) = 0

äëÿ íåêîòîðûõ k ∈ N. Åñëè ìíîãî÷ëåíû Pϱ è Qϱ íå èìåþò îáùèõ êîðíåé íà

ìíîæåñòâå {λk}, îïåðàòîð M (L, 0)-îãðàíè÷åí (ñì. [41]), à ïðîåêòîðû èìåþò

âèä

P =
∑

Pϱ(λk )̸=0

⟨·, φk⟩φk, Q =
∑

Pϱ(λk) ̸=0

⟨·, φk⟩φk,
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ãäå ⟨·, φk⟩ ÿâëÿåòñÿ ñêàëÿðíûì ïðîèçâåäåíèåì â L2(Ω). Íà÷àëüíûå óñëîâèÿ ñ

ó÷åòîì çàìå÷àíèÿ 2.2.1, ìîãóò áûòü çàäàíû â âèäå

DσkPϱ(Λ)u(ξ, 0) = yk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ Ω. (2.6.3)

Òîãäà çàäà÷à (2.6.1)�(2.6.3) ìîæåò áûòü ïðåäñòàâëåíà êàê (2.2.2), (2.2.12)

ñ ïðîñòðàíñòâàìè X ,Y è îïåðàòîðàìè L, M âûáðàííûìè âûøå. Èç òåî-

ðåìû 2.2.2 ñëåäóåò îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (2.6.1)�(2.6.3), åñëè

α0+αn > 1, h ∈ C([0, T ];L2(Ω)) ïðè αn = 1 è h ∈ C1
γ([0, T ];L2(Ω)) äëÿ íåêîòî-

ðîãî γ < 1 ïðè αn < 1, è yk ∈ L2(Ω), k = 0, 1, . . . , n−1, òàêèå, ÷òî ⟨yk, φl⟩ = 0

äëÿ âñåõ l ∈ N, äëÿ êîòîðûõ Pϱ(λl) = 0 (ò. å. yk ∈ Y1, k = 0, 1, . . . , n− 1).

Âîçüìåì ϱ = 2, P2(λ) ≡ λ(λ+9), Q2(λ) = 1+λ, d = 1, Ω = (0, π), r = 1,

Λu = ∂2u
∂s2 , B1 = I. Òîãäà âûðîæäåííàÿ çàäà÷à (2.6.1)�(2.6.3) èìååò âèä

Dσn

(
∂4u

∂ξ4
+ 9

∂2u

∂ξ2

)
(ξ, t) =

(
u+

∂2u

∂ξ2

)
(ξ, t), (ξ, t) ∈ (0, π)× (0, T ],

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ (0, T ],

Dσk

(
∂4u

∂ξ4
+ 9

∂2u

∂ξ2

)
(ξ, 0) = yk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ (0, π).

Çäåñü P2(0) = P2(−9) = 0, 0 /∈ σ(Λ1) = {−k2 : k ∈ N}, −9 = −32 ∈
σ(Λ1), ïîýòîìó, X 0 = Y0 = span{sin 3s}, X 1 è Y1 ÿâëÿþòñÿ çàìûêàíèÿìè

span{sin ks : k ∈ N \ {3}} â H4(0, π) è L2(0, π) ñîîòâåòñòâåííî. Óñëîâèÿ

⟨yk, sin 3s⟩ =
π∫

0

yk(s) sin 3sds = 0, k = 0, 1, . . . , n− 1,

äîëæíû âûïîëíÿòüñÿ äëÿ ðàçðåøèìîñòè ýòîé íà÷àëüíî-êðàåâîé çàäà÷è.

2.7. Ìîäåëüíûå ïðèìåðû âûðîæäåííûõ íåëèíåéíûõ

ñèñòåì óðàâíåíèé

Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω. Ðàññìîòðèì

íà÷àëüíî-êðàåâóþ çàäà÷ó

Dσkx1(ξ, t0) = x1k(ξ), k = 0, 1, . . . , n− 1, ξ ∈ Ω, (2.7.1)
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xi(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (t0, t1], i = 1, 2, 3, (2.7.2)

Dσn∆x1(ξ, t) = x1(ξ, t) + f1(ξ, t)+

+h1(ξ,D
σ0x1, D

σ0x2, D
σ0x3, . . . , D

σn−1x1, D
σn−1x2, D

σn−1x3), (2.7.3)

Dσn∆x3(ξ, t) = x2(ξ, t) + f2(ξ, t), (2.7.4)

0 = ∆x3(ξ, t) + f3(ξ, t), (ξ, t) ∈ Ω× (t0, t1], (2.7.5)

ãäå Dσk � äðîáíûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t,

îïðåäåëÿåìûå íàáîðîì {αk}nk=0, αk ∈ (0, 1], k = 0, 1, . . . , n.

Ñâåäåì çàäà÷ó (2.7.1)�(2.7.5) ê çàäà÷å (2.3.1), (2.3.2), âûáðàâ ïðîñòðàí-

ñòâà

X = H2+2r0
0 (Ω)×H2r0(Ω)×H2+2r0

0 (Ω), Y = (H2r0(Ω))3, (2.7.6)

ãäå r0 ∈ N, r0 > d/4, H2+2r0
0 (Ω) := {v ∈ H2+2r0(Ω) : v(ξ) = 0, ξ ∈ ∂Ω}, è

îïåðàòîðû

L =


∆ 0 0

0 0 ∆

0 0 0

 ∈ L(X ;Y), M =


I 0 0

0 I 0

0 0 ∆

 ∈ L(X ;Y). (2.7.7)

Ëåììà 2.7.1. [74]. Ïóñòü ïðîñòðàíñòâà îïðåäåëåíû ñîîòíîøåíèÿìè (2.7.6)

è îïåðàòîðû èìåþò âèä (2.7.7). Òîãäà îïåðàòîð M (L, 1)-îãðàíè÷åí è ïðî-

åêòîðû èìåþò âèä

P =


I 0 0

0 0 0

0 0 0

 , Q =


I 0 0

0 0 0

0 0 0

 .

Ñëåäîâàòåëüíî, X 1 = H2+2r0
0 (Ω) × {0} × {0}, X 0 = {0} × H2r0(Ω) ×

H2+2r0
0 (Ω), Y1 = H2r0(Ω)× {0} × {0}, Y0 = {0} ×H2r0(Ω)×H2r0(Ω).

Òåîðåìà 2.7.1. Ïóñòü r0 ∈ N, r0 > d/4, 0 < αk ≤ 1, k = 0, 1, . . . , n, α0+αn >

1, h1 ∈ C∞(Ω × R3n;R), äëÿ íåêîòîðîãî T > t0 f1 ∈ C1([t0, T ];H
2r0(Ω)),
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f2 ∈ C((t0, T ];X ), f3 ∈ C((t0, T ];H
2r0(Ω)), Dσnf3 ∈ C((t0, T ];X ), Dσkf2 ∈

C1([t0, T ];X ), Dσkf3 ∈ C1([t0, T ];H
2r0(Ω)), DσkDσnf3 ∈ C1([t0, T ];X ), x1k ∈

H2+2r0
0 (Ω), k = 0, 1, . . . , n− 1. Òîãäà äëÿ íåêîòîðîãî t1 ∈ (t0, T ] ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (2.7.1)�(2.7.5) íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Ïî ëåììå 2.7.1 îïåðàòîð M (L, 1)-îãðàíè÷åí. Èç âèäà ïðî-

åêòîðà P ñëåäóåò, ÷òî Px = P (x1, x2, x3) = (x1, 0, 0), ïîýòîìó óñëîâèÿ (2.7.1)

èìåþò âèä (2.3.1) äëÿ ñèñòåìû óðàâíåíèé (2.7.3)�(2.7.5) ñ êðàåâûìè óñëîâè-

ÿìè (2.7.2). Íåëèíåéíîå îòîáðàæåíèå

N(z1, z2, . . . , z3n)(·) = h1(·, z1(·), z2(·), . . . , z3n(·))

ñîãëàñíî òåîðåìå 1.8.1 äåéñòâóåò èç X = R×X 3n ⊂ R× (H2r0(Ω))9n â H2r0(Ω)

è ïðè ýòîì áåñêîíå÷íî äèôôåðåíöèðóåìî. Èç âèäà ïðîåêòîðà Q, êðîìå òîãî,

ñëåäóåò, ÷òî imN ⊂ imQ = Y1. Çàìåòèì, ÷òî

Qf = f1, M−1
0 (I −Q)f =

(
f2

∆−1f3

)
, GM−1

0 (I −Q)f =

(
f3

0

)
,

ãäå ∆−1 : H2r0(Ω) → H2+2r0
0 (Ω) � îáðàòíûé îïåðàòîð ê îïåðàòîðó Ëàïëàñà,

îïðåäåëåííîìó íà H2+2r0
0 (Ω). Ïîýòîìó âûïîëíÿþòñÿ óñëîâèÿ íà ôóíêöèþ f

â òåîðåìå 2.3.1, â ñèëó êîòîðîé ïîëó÷èì òðåáóåìûé ðåçóëüòàò.

Ðàññìîòðèì òåïåðü íà÷àëüíî-êðàåâóþ çàäà÷ó

Dσkxi(ξ, t0) = xik(ξ), k = 0, 1, . . . , n− 2, ξ ∈ Ω, i = 1, 2, 3, (2.7.8)

Dσn−1x1(ξ, t0) = x1n−1(ξ), ξ ∈ Ω, (2.7.9)

xi(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (t0, t1], i = 1, 2, 3, (2.7.10)

Dσn∆x1 = x1 + h1 (ξ,D
σ0x2, D

σ0x3, . . . , D
σn−1x2, D

σn−1x3) , (2.7.11)

0 = x2 + h2 (ξ,D
σ0x2, D

σ0x3, . . . , D
σn−1x2, D

σn−1x3) , (2.7.12)

0 = x3 + h3 (ξ,D
σ0x2, D

σ0x3, . . . , D
σn−1x2, D

σn−1x3) , (s, t) ∈ Ω× (t0, t1].

(2.7.13)
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Ðåäóöèðóåì çàäà÷ó (2.7.8)�(2.7.13) ê çàäà÷å (2.4.1), (2.4.3), âûáðàâ ïðî-

ñòðàíñòâà

X = H2+2r0
0 (Ω)× (H2r0(Ω))2, Y = (H2r0(Ω))3, r0 ∈ N, r0 > d/4, (2.7.14)

è îïåðàòîðû

L =


∆ 0 0

0 0 0

0 0 0

 ∈ L(X ;Y), M =


I 0 0

0 I 0

0 0 I

 ∈ L(X ;Y). (2.7.15)

Ëåììà 2.7.2. Ïóñòü çàäàíû ïðîñòðàíñòâà (2.7.14) è îïåðàòîðû (2.7.15).

Òîãäà îïåðàòîð M (L, 0)-îãðàíè÷åí è ïðîåêòîðû èìåþò âèä

P =


I 0 0

0 0 0

0 0 0

 , Q =


I 0 0

0 0 0

0 0 0

 .

Äîêàçàòåëüñòâî. Ïóñòü îáëàñòü îïðåäåëåíèÿ îïåðàòîðà ËàïëàñàH2+2r0
0 (Ω) ⊂

H2r0(Ω), {φl} � îðòîíîðìèðîâàííàÿ â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ ⟨·, ·⟩
â L2(Ω) ñèñòåìà åãî ñîáñòâåííûõ ôóíêöèé, ñîîòâåòñòâóþùàÿ åãî ñîáñòâåí-

íûì çíà÷åíèÿì {λl}, çàíóìåðîâàííûì â ïîðÿäêå èõ íåâîçðàñòàíèÿ ñ ó÷å-

òîì êðàòíîñòåé. Ïðè |µ| > 1/|λ1|, x = (x1, x2, x3) ∈ H2+2r0
0 (Ω) × (H2r0(Ω))2,

y = (y1, y2, y3) ∈ (H2r0(Ω))3

(µL−M)−1y =
∞∑
l=1


(µλl − 1)−1 0 0

0 −1 0

0 0 −1




⟨y1, φl⟩φl
⟨y2, φl⟩φl
⟨y3, φl⟩φl

 ,

∥(µL−M)−1y∥2X =
∞∑
l=1

(1 + λ2+2r0
l )|⟨y1, φl⟩|2

|µλl − 1|2
+

∞∑
l=1

(1 + λ2l )|⟨y2, φl⟩|2+

+
∞∑
l=1

(1 + λ2l )|⟨y3, φl⟩|2 ≤
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≤ C1

∞∑
l=1

(1 + λ2r0l )|⟨y1, φl⟩|2 +
∞∑
l=1

(1 + λ2r0l )|⟨y2, φl⟩|2+

+
∞∑
l=1

(1 + λ2r0l )|⟨y3, φl⟩|2 ≤ C∥y∥2(H2r0(Ω))3,

RL
µ(M)x =

∞∑
l=1

(µλl − 1)−1λl⟨x1, φl⟩φl =
1

µ

∞∑
l=1

∞∑
j=0

µ−jλ−jl ⟨x1, φl⟩φl.

Âçÿâ ïî îïðåäåëåíèþ ïðîåêòîðà P èíòåãðàë ïî êîíòóðó {|µ| = r > 1/|λ1|}, ïî
òåîðåìå î âû÷åòàõ ïîëó÷èì Px =

∞∑
l=1

⟨x1, φl⟩φl = x1. Àíàëîãè÷íûì îáðàçîì

ïîëó÷èì, ÷òî Qy = y1.

Èç ýòîé ëåììû ñëåäóåò, ÷òî

X 1 = H2+2r0
0 (Ω)× {0} × {0}, X 0 = {0} ×H2r0(Ω)×H2r0(Ω),

Y1 = H2r0(Ω)× {0} × {0}, Y0 = {0} ×H2r0(Ω)×H2r0(Ω).

Çàìåòèì, ÷òî ôóíêöèè hi = hi(ξ, z1, z2, z3, . . . , z2n), i = 1, 2, 3, çàâèñÿò îò 2n

ôàçîâûõ ïåðåìåííûõ z1, z2, . . . , z2n. Ââåäåì îáîçíà÷åíèå

J(ξ, z1, z2, . . . , z2n) =

 ∂h2
∂z2n−1

(ξ, z1, z2, . . . , z2n)
∂h2
∂z2n

(ξ, z1, z2, . . . , z2n)

∂h3
∂z2n−1

(ξ, z1, z2, . . . , z2n)
∂h3
∂z2n

(ξ, z1, z2, . . . , z2n)

 .

Òåîðåìà 2.7.2. Ïóñòü r0 ∈ N, r0 > d/4, hi ∈ C∞(Ω × R2n;R), i = 1, 2, 3,

x1k ∈ H2+2r0
0 (Ω), k = 0, 1, . . . , n−1, x2k, x3k ∈ H2r0(Ω), k = 0, 1, . . . , n−2, ïðè

íåêîòîðîì c > 0 äëÿ âñåõ ξ ∈ Ω

| det J(ξ,x20(ξ),x30(ξ),x21(ξ),x31(ξ),. . ., x2n−2(ξ),x3n−2(ξ),0,0)|≥c, (2.7.16)

xi0(ξ)+hi(ξ,x20(ξ),x30(ξ),. . ., x2n−2(ξ),x3n−2(ξ),0,0) = 0, ξ∈Ω, i=2, 3. (2.7.17)

Òîãäà íàéäåòñÿ òàêîå t1 > t0, ÷òî çàäà÷à (2.7.8)�(2.7.13) èìååò åäèíñòâåí-

íîå ðåøåíèå â öèëèíäðå Ω× [t0, t1].



72

Äîêàçàòåëüñòâî. Èç âèäà ïðîåêòîðà P ñëåäóåò, ÷òî íà÷àëüíûå óñëîâèÿ (2.7.8),

(2.7.9) ìîãóò áûòü çàïèñàíû êàê (2.4.3) äëÿ äàííîé ñèñòåìû, ðàññìàòðèâàå-

ìîé êàê ÷àñòíûé ñëó÷àé óðàâíåíèÿ (2.4.1). Äëÿ äîêàçàòåëüñòâà íåîáõîäèìî

ïðîâåðèòü óñëîâèÿ òåîðåìû 2.4.1.

Ïî ëåììå 2.7.2 îïåðàòîð M (L, 0)-îãðàíè÷åí, à N = (N1, N2, N3), ãäå

N ∈ C∞((H2r0(Ω))2n;H2r0(Ω)),

Ni(z1, z2, . . . , z2n)(·) := hi(·, z1(·), z2(·), . . . , z2n(·)), i = 1, 2, 3,

â ñèëó òåîðåìû 1.8.1, òàê êàê 2r0 > d/2. Èç âèäà ïîëó÷åííûõ â ëåììå 2.7.2

ïðîåêòîðîâ ñëåäóåò, ÷òî íåëèíåéíàÿ ÷àñòü óðàâíåíèÿ çàâèñèò òîëüêî îò ýëå-

ìåíòîâ ïîäïðîñòðàíñòâà X 0, (I − Q)N = (N2, N3). Óñëîâèå áèåêòèâíîñòè

îïåðàòîðîâ ïðîèçâîäíîé Ôðåøå ñëåäóåò èç óñëîâèÿ (2.7.16) äàííîé òåîðåìû.

Óñëîâèå (2.4.2) äëÿ äàííîé çàäà÷è èìååò âèä (2.7.17). Ïî òåîðåìå 2.4.1 ïîëó-

÷èì òðåáóåìîå.

2.8. Ìîäèôèêàöèÿ ñèñòåìû óðàâíåíèé Ñêîòò-Áëýðà

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ íàãðóæåííîé ëèíåàðèçîâàííîé ñè-

ñòåìû óðàâíåíèé äèíàìèêè âÿçêîóïðóãîé ñðåäû Ñêîòò-Áëýðà [82]

Dσkv(ξ, t0) = v0k(ξ), ξ ∈ Ω, k = 0, 1, . . . , n− 1, (2.8.1)

v(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (t0, t1], (2.8.2)

Dσn(1− χ∆)v(ξ, t) = −(ṽ · ∇)v(ξ, t)− (v · ∇)ṽ(ξ, t)− r(ξ, t)+

+
n−1∑
l=0

Fl(D
σ0v(ξ0, t), D

σ1v(ξ1, t), . . . , D
σn−1v(ξn−1, t))D

σlv(ξ, t), (2.8.3)

∇ · v(ξ, t) = 0, (ξ, t) ∈ Ω× (t0, t1], (2.8.4)

ñ äðîáíûìè ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà Dσk ïî ïåðåìåííîé t,

îïðåäåëÿåìûìè íàáîðîì {αk}nk=0, αk ∈ (0, 1], k = 0, 1, . . . , n. Çäåñü Ω ⊂ Rd �

îãpàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãpàíèöåé ∂Ω, χ ∈ R, ṽ � çàäàííàÿ âåêòîð-

ôóíêöèÿ, Fl � çàäàííûå ôóíêöèè, ïðè l = 0, 1, . . . , n− 1 ξl ∈ Ω � çàäàííûå
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òî÷êè. Âåêòîð-ôóíêöèè ñêîðîñòè æèäêîñòè v = (v1, v2, . . . , vd) è åå ãðàäèåíòà

äàâëåíèÿ r = (r1, r2, . . . , rd) = ∇p íåèçâåñòíû.
Îáîçíà÷èì L2 := (L2(Ω))

d, H1 := (W 1
2 (Ω))

d, H2 := (W 2
2 (Ω))

d. Çàìû-

êàíèå ëèíåàëà L := {v ∈ (C∞
0 (Ω))d : ∇ · v = 0} ïî íîðìå ïðîñòðàíñòâà L2

îáîçíà÷èì ÷åðåç Hσ, à ïî íîðìå H1 � ÷åðåç H1
σ. Èìååò ìåñòî ïðåäñòàâëåíèå

L2 = Hσ ⊕ Hπ, ãäå Hπ � îðòîãîíàëüíîå äîïîëíåíèå ê Hσ. Îáîçíà÷èì ÷åðåç

Π : L2 → Hπ ñîîòâåòñòâóþùèé îðòîïðîåêòîð, Σ = I − Π, H2
σ = H1

σ ∩H2.

Ïóñòü îïåðàòîð A := Σ∆ èìååò îáëàñòü îïðåäåëåíèÿ H2
σ â ïðîñòðàíñòâå

Hσ (ñì. [23]). Ïðè ṽ ∈ H1 ôîðìóëîé Dw := −(ṽ · ∇)w − (w · ∇)ṽ çàäàäèì

îïåðàòîð D ∈ L(H2
σ;L2). Ïîëîæèì

X = H2
σ ×Hπ, Y = L2 = Hσ ×Hπ, (2.8.5)

L =

(
I − χA O
−χΠ∆ O

)
∈ L(X ;Y), M =

(
ΣD O
ΠD −I

)
∈ L(X ;Y). (2.8.6)

Ïðè ýòîì ó÷èòûâàåòñÿ òîò ôàêò, ÷òî r(·, t) = ∇p(·, t) ∈ Hπ = {∇φ : φ ∈
W 1

2 (Ω)} ïðè t > 0. Ïðèíàäëåæíîñòüþ v(·, t) ïîäïðîñòðàíñòâó H2
σ ïðè t > 0

ó÷èòûâàþòñÿ óðàâíåíèå (2.8.4) è óñëîâèå (2.8.2).

Ëåììà 2.8.1. [45]. Ïóñòü χ ̸= 0, χ−1 /∈ σ(A), ïðîñòðàíñòâà X è Y è

îïåðàòîðû L èM çàäàíû ôîðìóëàìè (2.8.5) è (2.8.6) ñîîòâåòñòâåííî. Òîãäà

îïåðàòîð M (L, 0)-îãðàíè÷åí, ïðîåêòîðû èìåþò âèä

P =

(
I O

χΠ∆(I − χA)−1ΣD +ΠD O

)
, Q =

(
I O

−χΠ∆(I − χA)−1 O

)
.

Çàìå÷àíèå 2.8.1. Èç âèäà ïðîåêòîðîâ P è Q ñëåäóåò, ÷òî

X 0 = {0}×Hπ, X 1 = {(w1, w2) ∈ H2
σ×Hπ : w2=(χΠ∆(I−χA)−1ΣD+ΠD)w1},

Y0 = {0} ×Hπ, Y1 = {(w1, w2) ∈ Hσ ×Hπ : w2 = −χΠ∆(I − χA)−1w1}.

Ïîýòîìó ïîäïðîñòðàíñòâà X 1 è Y1 èçîìîðôíû H2
σ è Hσ ñîîòâåòñòâåííî.
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Òåîðåìà 2.8.1. Ïóñòü d ≤ 3, 0 < αk ≤ 1, k = 0, 1, . . . , n, α0 + αn > 1,

Fl ∈ C1(Rn;R), l = 0, 1, . . . , n − 1, v0k ∈ H2
σ, k = 0, 1, . . . , n − 1. Òîãäà äëÿ

íåêîòîðîãî t1 > t0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.8.1)�(2.8.4)

â öèëèíäðå Ω× [t0, t1].

Äîêàçàòåëüñòâî. Èç âèäà ïðîåêòîðîâ â ëåììå 2.8.1 ñëåäóåò, ÷òî óñëîâèÿ

(2.8.1) èìåþò âèä (2.3.1). Ïîñêîëüêó d ≤ 3, òî H2 ⊂ C(Ω;Rd). Ñëåäîâàòåëü-

íî, åñëè lim
r→∞

wr
k = wk â H2

σ, òî lim
r→∞

wr
k = wk â C(Ω;Rd), k = 0, 1, . . . , n− 1, è

ïîñêîëüêó Fl ∈ C1(Rn;R), òî îïåðàòîð

Bl(w0, w1, . . . , wn−1) = Fl(w0(ξ0), w1(ξ1), . . . , wn−1(ξn−1))

ïðèíàäëåæèò êëàññó C1(H2
σ;R), l = 0, 1, . . . , n− 1, ñëåäîâàòåëüíî,

N(w0, w1, . . . , wn−1) =
n−1∑
l=0

Fl(w0(ξ0), w1(ξ1), . . . , wn−1(ξn−1))wl ∈ C1(H2
σ;H2

σ).

Îáîçíà÷èì ïðîåêòîð P1(w, q) := w äëÿ âñåõ (w, q) ∈ H2
σ ×Hπ = X , òîãäà

N(w0, w1, . . . , wn−1) = N(P1P (w0, q0), P1P (w1, q1), . . . , P1P (wn−1, qn−1)) :=

:= N1(P (w0, q0), P (w1, q1), . . . , P (wn−1, qn−1)).

Ïî òåîðåìå 2.5.1 ïîëó÷èì òðåáóåìîå.

2.9. Îáðàòíàÿ çàäà÷à äëÿ íåâûðîæäåííîãî óðàâíåíèÿ

Îáðàòíûå çàäà÷è íàõîäÿò ñâîå ïðèìåíåíèå âî ìíîãèõ ïðèêëàäíûõ îáëàñòÿõ

èññëåäîâàíèÿ, íàïðèìåð, â àñòðîíîìèè, ãåîôèçèêå è äð. [78]. Îáðàòíûå çà-

äà÷è äëÿ äðîáíûõ óðàâíåíèé â ïîñëåäíèå ãîäû ïðèâëåêàþò èíòåðåñ èññëå-

äîâàòåëåé, â îñíîâíîì èññëåäóþòñÿ óðàâíåíèÿ ñ åäèíè÷íûì èëè îáðàòèìûì

îïåðàòîðîì ïðè ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî èëè Ðèìàíà � Ëèóâèë-

ëÿ [8, 9, 64,65,70,71].

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà

Dσnz(t) = Az(t) + φ(t)u, t ∈ (0, T ], (2.9.1)
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ãäå Z � áàíàõîâî ïðîñòðàíñòâî, A ∈ L(Z), Dσn � äðîáíàÿ ïðîèçâîäíàÿ

Äæðáàøÿíà � Íåðñåñÿíà, îïðåäåëÿåìàÿ íàáîðîì {αk}nk=0, αk ∈ (0, 1], k =

0, 1, . . . , n; T > 0, φ ∈ C([0, T ];R), u ∈ Z.
Ñíàáäèì óðàâíåíèå (2.9.1) óñëîâèÿìè

Dσkz(0) = zk, k = 0, 1, . . . , n− 1, (2.9.2)

T∫
0

z(t)dµ(t) = zT . (2.9.3)

Ôóíêöèÿ µ èìååò îãðàíè÷åííóþ âàðèàöèþ íà (0, T ], ïîä èíòåãðàëîì â óñëîâèè

(2.9.3) ïîíèìàåòñÿ âåêòîðíûé èíòåãðàë Ðèìàíà � Ñòèëòüåñà, zk ∈ Z, k =

0, 1, . . . , n− 1, zT ∈ Z èçâåñòíû.

Ðàññìîòðèì çàäà÷ó (2.9.1)�(2.9.3), ïðåäïîëàãàÿ, ÷òî ýëåìåíò u ∈ Z
íåèçâåñòåí. Ðåøåíèåì çàäà÷è (2.9.1)�(2.9.3) áóäåì íàçûâàòü ïàðó (z, u), ãäå

z : (0, T ] → Z ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2.9.1), (2.9.2) ñ ñîîòâåòñòâóþ-

ùèì u ∈ Z è óäîâëåòâîðÿåò óñëîâèþ (2.9.3). Äëÿ óäîáñòâà ðåøåíèåì çàäà÷è

(2.9.1)�(2.9.3) áóäåì íàçûâàòü òàêæå ñîîòâåòñòâóþùèé ýëåìåíò u ∈ Z.
Íàçîâåì çàäà÷ó (2.9.1)�(2.9.3) êîððåêòíîé, åñëè äëÿ ëþáûõ zk ∈ Z ,

k = 0, . . . , n − 1, è zT ∈ Z ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ Z , äëÿ
êîòîðîãî ñïðàâåäëèâà îöåíêà

∥u∥Z ≤ C

(
n−1∑
k=0

∥zk∥Z + ∥zT∥Z

)
,

ãäå C > 0 íå çàâèñèò îò zk, k = 0, . . . , n− 1, è zT .

Îáîçíà÷èì ÷åðåç σ(A) ñïåêòð îïåðàòîðà A,

ψ := zT −
T∫

0

n−1∑
k=0

tσkEσn,σk+1(t
σnA)zkdµ(t) ∈ Z.

Õàðàêòåðèñòè÷åñêîé ôóíêöèåé îáðàòíîé çàäà÷è (2.9.1)�(2.9.3) íàçîâåì ôóíê-
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öèþ

χ(λ) :=

T∫
0

dµ(t)

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnλ)φ(s)ds, λ ∈ C.

Òåîðåìà 2.9.1. Ïóñòü A ∈ L(Z), φ ∈ C([0, T ];R) ïðè αn = 1 è φ ∈
C1
γ([0, T ];R) äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1, µ : [0, T ] → R � ôóíê-

öèÿ îãðàíè÷åííîé âàðèàöèè. Òîãäà çàäà÷à (2.9.1)�(2.9.3) êîððåêòíà â òîì è

òîëüêî â òîì ñëó÷àå, êîãäà χ(λ) ̸= 0 äëÿ âñåõ λ ∈ σ(A). Ðåøåíèå çàäà÷è

(2.9.1)�(2.9.3) â ñëó÷àå åãî ñóùåñòâîâàíèÿ èìååò âèä u = (χ(A))−1ψ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì çàäà÷ó (2.9.1), (2.9.2), êîãäà èçâåñòåí ýëåìåíò

u ∈ Z. Ïî òåîðåìå 1.4.1 ôóíêöèÿ

z(t) =
n−1∑
k=0

tσkEσn,σk+1(t
σnA)zk+

t∫
0

(t− s)σn−1Eσn,σn((t− s)σnA)φ(s)uds (2.9.4)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (2.9.1), (2.9.2).

Ïîäñòàâèâ ðåøåíèå ïðÿìîé çàäà÷è (2.9.4) â óñëîâèå ïåðåîïðåäåëåíèÿ

(2.9.3), ïîëó÷èì óðàâíåíèå χ(A)u = ψ. Îïåðàòîð χ(A) íåïðåðûâíî îáðàòèì

òîãäà è òîëüêî òîãäà, êîãäà 0 /∈ σ(χ(A)). Ïî òåîðåìå î ñïåêòðàëüíîì îòîáðà-

æåíèè, òàê êàê îïåðàòîð A îãðàíè÷åí, à ôóíêöèÿ χ àíàëèòè÷íà ïî àðãóìåíòó

λ, òî σ(χ(A)) = χ(σ(A)) [52]. Òàêèì îáðàçîì, óñëîâèå 0 /∈ σ(χ(A)) âûïîëíÿ-

åòñÿ â òîì è òîëüêî â òîì ñëó÷àå, êîãäà χ(λ) ̸= 0 äëÿ âñåõ λ ∈ σ(A). Ïîýòîìó

u = (χ(A))−1ψ è ñ ó÷åòîì âèäà âåêòîðà ψ

∥u∥Z ≤ ∥(χ(A))−1∥L(Z)∥ψ∥Z ≤
n−1∑
k=0

ck∥zk∥Z + cT∥zT∥Z .

2.10. Îáðàòíàÿ çàäà÷à äëÿ âûðîæäåííîãî óðàâíåíèÿ

Ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ âûðîæäåííîãî ýâîëþöèîííîãî óðàâíåíèÿ

DσnLx(t) =Mx(t) + φ(t)u, t ∈ (0, T ], (2.10.1)
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DσkPx(0) = xk ∈ X 1, k = 0, . . . , n− 1, (2.10.2)
T∫

0

x(t)dµ(t) = xT ∈ X , (2.10.3)

â êîòîðîé, êàê è ïðåæäå, Dσn � äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñå-

ñÿíà, φ ∈ C([0, T ];R), ýëåìåíò u ∈ Y íåèçâåñòåí.

Ïðè óñëîâèè (L, p)-îãðàíè÷åííîñòè îïåðàòîðàM çàäà÷à (2.10.1)�(2.10.3)

ýêâèâàëåíòíà ñèñòåìå äâóõ çàäà÷ íà ïîäïðîñòðàíñòâàõ X 0 è X 1:

DσnGx0(t) = x0(t) + φ(t)M−1
0 u0, (2.10.4)

T∫
0

x0(t)dµ(t) = x0T , (2.10.5)

è

Dσnx1(t) = L−1
1 M1x

1(t) + φ(t)L−1
1 u1, (2.10.6)

Dσkx1(0) = xk, k = 0, . . . , n− 1, (2.10.7)
T∫

0

x1(t)dµ(t) = x1T , (2.10.8)

ãäå x0(t) = (I − P )x(t), x1(t) = Px(t), x0T = (I − P )xT , x
1
T = PxT , u

0 =

(I −Q)u, u1 = Qu.

Çàäà÷ó (2.10.4), (2.10.5) íàçîâåì êîððåêòíîé, åñëè äëÿ ëþáîãî x0T ∈ X 0

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u0 ∈ Y0, äëÿ êîòîðîãî ñïðàâåäëèâà îöåíêà

∥u0∥Y0 ≤ C
(
∥x0T∥X 0 + ∥M0x

0
T∥Y0

)
,

ãäå C > 0 íå çàâèñèò îò x0T .

Îáîçíà÷èì

fl(s) :=

s∫
0

(Dσn)lφ(t)dµ(t), l = 0, 1, . . . , p,

F (s)v :=M0

p∑
k=0

(−1)k+1

(
p∑
l=1

fl(s)G
l

f0(s)

)k
v

f0(s)
, s ∈ (0, T ], v ∈ X 0.



78

Ëåììà 2.10.1. Ïóñòü M (L, p)-îãðàíè÷åí, φ ∈ C([0, T ];R), (Dσn)lGlφ ∈
C((0, T ];L(X 0)), Dσk(Dσn)lGlφ ∈ C([0, T ];L(X 0)) äëÿ âñåõ k = 0, 1, . . . , n−1,

l = 0, 1, . . . , p, µ : (0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè. Òîãäà

çàäà÷à (2.10.4), (2.10.5) êîððåêòíà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

T∫
0

φ(t)dµ(t) ̸= 0.

Ðåøåíèå çàäà÷è (2.10.4), (2.10.5) â ñëó÷àå åãî ñóùåñòâîâàíèÿ èìååò âèä u0 =

F (T )x0T .

Äîêàçàòåëüñòâî. Ïî ëåììå 2.2.1 óðàâíåíèå (2.10.4) èìååò åäèíñòâåííîå ðå-

øåíèå âèäà

x0(t) = −
p∑
l=0

(DσnG)lφ(t)M−1
0 u0.

Íàéäåì u0. Åñëè f0(T ) ̸= 0, ïîäñòàâëÿÿ ðåøåíèå â (2.10.5), ïîëó÷èì(
I +

p∑
l=1

fl(T )G
l

f0(T )

)
M−1

0 u0 = − x0T
f0(T )

.

Èç íèëüïîòåíòíîñòè îïåðàòîðà G ïîëó÷èì

u0 =M0

p∑
k=0

(−1)k+1

(
p∑
l=1

fl(T )G
l

f0(T )

)k
x0T
f0(T )

= F (T )x0T .

Îòñþäà æå ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (2.10.4), (2.10.5). Êîð-

ðåêòíîñòü çàäà÷è ñëåäóåò èç âèäà ðåøåíèÿ.

Ïóñòü

f0(T ) :=

T∫
0

φ(t)dµ(t) = 0,

òîãäà (
p∑
l=1

fl(T )G
l−1

)
GM−1

0 u0 = −x0T .
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Ïîñêîëüêó îïåðàòîðM ÿâëÿåòñÿ (L, p)-îãðàíè÷åííûì, òî kerL∩kerM = {0}.
Âîçüìåì v ∈M0[kerL\{0}]. Òîãäà(

p∑
l=1

fl(T )G
l−1

)
GM−1

0 (u0 + v) = −x0T .

Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è (2.10.4), (2.10.5) íå åäèíñòâåííî.

Ïðè óñëîâèè (L, σ)-îãðàíè÷åííîñòè îïåðàòîðà M ââåäåì îáîçíà÷åíèå

S := L−1
1 M1 ∈ L(X 1),

ψ := x1T −
T∫

0

n−1∑
k=0

tσkEσn,σk+1(t
σnS)xkdµ(t) ∈ X 1.

Òåîðåìà 2.10.1. Ïóñòü M (L, p)-îãðàíè÷åí, φ ∈ C([0, T ];R) ïðè αn =

1 è φ ∈ C1
γ([0, T ];R) äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1, (Dσn)lGlφ ∈

C((0, T ];L(X 0)), Dσk(Dσn)lGlφ ∈ C([0, T ];L(X 0)) äëÿ k = 0, 1, . . . , n − 1,

l = 0, 1, . . . , p, µ : (0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè. Òîãäà çàäà-

÷à (2.10.1)�(2.10.3) êîððåêòíà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà χ(λ) ̸= 0

ïðè âñåõ λ ∈ σL(M),
T∫

0

φ(t)dµ(t) ̸= 0.

Ðåøåíèå çàäà÷è (2.10.1)�(2.10.3) â ñëó÷àå åãî ñóùåñòâîâàíèÿ èìååò âèä

u = (χ(S))−1ψ + F (T )(I − P )xT .

Äîêàçàòåëüñòâî. Çàäà÷à (2.10.1)�(2.10.3), êàê óïîìèíàëîñü ðàíåå, ýêâèâà-

ëåíòíà ñîâîêóïíîñòè çàäà÷ (2.10.4), (2.10.5) è (2.10.6)�(2.10.8). Óñëîâèÿ ðàç-

ðåøèìîñòè çàäà÷è (2.10.4), (2.10.5) ñôîðìóëèðîâàíû â ëåììå 2.10.1, à äëÿ

ðàçðåøèìîñòè çàäà÷è (2.10.6)�(2.10.8) � â òåîðåìå 2.9.1. Íåîáõîäèìî òîëüêî

îòìåòèòü, ÷òî äëÿ âñåõ λ ∈ C ñóùåñòâóåò îïåðàòîð (λL0−M0)
−1 ∈ L

(
Y0;X 0

)
â ñèëó íèëüïîòåíòíîñòè îïåðàòîðà G è ðàâåíñòâà

(λL0 −M0)
−1 = (λG− I)−1M−1

0 = −
p∑

k=0

λkGkM−1
0 .
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Ñëåäîâàòåëüíî, σL0(M0) = ∅ è σL(M) = σL1(M1) = σ(L−1
1 M1). Â èòîãå

u = u0 + u1 = (χ(S))−1ψ(S) + F (T )(I − P )xT .

2.11. Îáðàòíàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Êåëüâèíà � Ôîéãòà

Ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé äè-

íàìèêè âÿçêîóïðóãîé æèäêîñòè Êåëüâèíà � Ôîéãòà [29] ñ ïðîèçâîäíîé Äæð-

áàøÿíà � Íåðñåñÿíà ïî âðåìåíè

Dσkv(ξ, 0) = vk(ξ), ξ ∈ Ω, k = 0, 1, . . . , n− 1, (2.11.1)

v(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (0, T ], (2.11.2)

Dσn(1−β∆)v(ξ, t) = ν∆v(ξ, t)−r(ξ, t)+φ(t)u(ξ), (ξ, t) ∈ Ω×(0, T ], (2.11.3)

∇ · v(ξ, t) = 0, (ξ, t) ∈ Ω× (0, T ], (2.11.4)
T∫

0

v(ξ, t)dµ(t) = vT (ξ), ξ ∈ Ω. (2.11.5)

Çäåñü Ω ⊂ Rd � îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, β, ν ∈ R, Dσk � ïðîèçâîäíûå

Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t, k = 0, 1, . . . , n, âåêòîð-ôóíêöèÿ

v = (v1, v2, . . . , vd) � ñêîðîñòü æèäêîñòè, r = (r1, r2, . . . , rd) � ãðàäèåíò äàâ-

ëåíèÿ; íåèçâåñòíûå âåêòîð-ôóíêöèè � v, r, u = (u1, u2, . . . , ud).

Êàê è ïðåæäå, L2 = (L2(Ω))
d, H1 = (W 1

2 (Ω))
d, H2 = (W 2

2 (Ω))
d, çàìû-

êàíèå L = {v ∈ (C∞
0 (Ω))d : ∇ · v = 0} â íîðìå ïðîñòðàíñòâà L2 îáîçíà÷åíî

÷åðåç Hσ, à åãî çàìûêàíèå â íîðìå H1 � ÷åðåç H1
σ; H2

σ = H1
σ ∩ H2, Hπ �

îðòîãîíàëüíîå äîïîëíåíèå ê Hσ â L2, Σ : L2 → Hσ è Π = I − Σ � ñîîòâåò-

ñòâóþùèå îðòîãîíàëüíûå ïðîåêòîðû. Îïåðàòîð A := Σ∆, ïðîäîëæåííûé äî

çàìêíóòîãî îïåðàòîðà â ïðîñòðàíñòâå Hσ ñ îáëàñòüþ îïðåäåëåíèÿ H2
σ, èìååò

âåùåñòâåííûé îòðèöàòåëüíûé äèñêðåòíûé êîíå÷íîêðàòíûé ñïåêòð, ñãóùàþ-

ùèéñÿ òîëüêî íà −∞ [23]. Îáîçíà÷èì ÷åðåç {λk} ñîáñòâåííûå çíà÷åíèÿ îïå-
ðàòîðà A, çàíóìåðîâàííûå â ïîðÿäêå íåâîçðàñòàíèÿ ñ ó÷åòîì èõ êðàòíîñòåé,
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è îáîçíà÷èì ÷åðåç {φk} îðòîíîðìèðîâàííóþ â Hσ ñèñòåìó ñîîòâåòñòâóþùèõ

ñîáñòâåííûõ ôóíêöèé, îáðàçóþùóþ áàçèñ â Hσ.

Ó÷èòûâàÿ ãðàíè÷íîå óñëîâèå (2.11.2) è óðàâíåíèå (2.11.4), ïîëîæèì

X = H2
σ ×Hπ, Y = L2 = Hσ ×Hπ, (2.11.6)

L =

(
I − βA O
−βΠ∆ O

)
∈ L

(
X ;Y

)
, M =

(
γA O
γΠ∆ −I

)
∈ L

(
X ;Y

)
, (2.11.7)

X ñîñòîèò èç ïàð âåêòîð-ôóíêöèé x = (v, r), ãäå v ∈ H2
σ, r ∈ Hπ.

Ëåììà 2.11.1. [55]. Ïóñòü β ̸= 0, β−1 /∈ σ(A), ïðîñòðàíñòâà èìåþò âèä

(2.11.6), à îïåðàòîðû L è M îïðåäåëåíû ôîðìóëàìè (2.11.7). Òîãäà îïåðàòîð

M (L, 0)-îãðàíè÷åí. Áîëåå òîãî,

σL(M) =

{
γλk

1− βλk
: k ∈ N

}
,

P =

(
I O

γΠ∆(I − βA)−1 O

)
, Q =

(
I O

−βΠ∆(I − βA)−1 O

)
.

Òàêèì îáðàçîì, îáðàòíàÿ çàäà÷à (2.11.1)�(2.11.5) èìååò âèä (2.10.1)�

(2.10.3). Ïðèíèìàÿ âî âíèìàíèå, ÷òî M ∈ L(X ;Y), DM1
= X 1 = imP èçî-

ìîðôíî H2
σ, êîððåêòíîñòü çàäà÷è (2.11.1)�(2.11.5) îçíà÷àåò ñóùåñòâîâàíèå ðå-

øåíèÿ u ∈ L2 äëÿ âñåõ vk ∈ H2
σ, k = 0, 1, . . . , n−1, vT ∈ H2

σ, óäîâëåòâîðÿþùåå

îöåíêå

∥u∥L2
≤ C

(
m−1∑
k=0

∥vk∥H2 + ∥vT∥H2

)
.

Òåîðåìà 2.11.1. Ïóñòü β ̸= 0, β−1 /∈ σ(A), ôóíêöèÿ φ ∈ C([0, T ];R) ïðè
αn = 1 è φ ∈ C1

γ([0, T ];R) äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1, Dσkφ ∈
C([0, T ];R), k = 0, 1, . . . , n − 1, µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé

âàðèàöèè. Òîãäà çàäà÷à (2.11.1)�(2.11.5) êîððåêòíà â òîì è òîëüêî â òîì

ñëó÷àå, êîãäà
T∫

0

φ(t)dµ(t) ̸= 0
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è äëÿ âñåõ k ∈ N
χ

(
γλk

1− βλk

)
̸= 0

Äîêàçàòåëüñòâî. Èç âèäà ïðîåêöèé P è Q ñëåäóåò, ÷òî X 0 = kerP = {0} ×
Hπ è Y0 = {0} × Hπ. Ñëåäîâàòåëüíî, óñëîâèå (2.11.1) ðàâíîñèëüíî óñëîâèþ

âèäà (2.10.2). Ïî ëåììå 2.11.1 îïåðàòîð M â çàäà÷å (2.11.1)�(2.11.5) ÿâëÿåò-

ñÿ (L, 0)-îãðàíè÷åííûì â óñëîâèÿõ äàííîé òåîðåìû, ïîýòîìó G = 0. Òàêèì

îáðàçîì, óòâåðæäåíèå ñëåäóåò èç òåîðåìû 2.10.1.

Òåïåðü ïóñòü β−1 ∈ σ(A). Îáîçíà÷èì ÷åðåç M0 ìíîæåñòâî èíäåêñîâ

k ∈ N òàêèõ, ÷òî λk = β−1 è ÷åðåç M1 � ìíîæåñòâî N\M0.

Ëåììà 2.11.2. [55]. Ïóñòü γβ ̸= 0, β−1 ∈ σ(A), ïðîñòðàíñòâà èìåþò âèä

(2.11.6), à îïåðàòîðû L è M îïðåäåëåíû ôîðìóëàìè (2.11.7). Òîãäà îïåðàòîð

M (L, 1)-îãðàíè÷åí. Áîëåå òîãî,

σL(M) =

{
γλk

1− βλk
: k ∈ M1

}
,

P =

(
Σk∈M1

⟨·, φk⟩φk O
γΠ∆Σk∈M1

⟨·,φk⟩φk

1−βλk O

)
, Q =

(
Σk∈M1

⟨·, φk⟩φk O
−βΠ∆Σk∈M1

⟨·,φk⟩φk

1−βλk O

)
.

Ïîêàæåì, ÷òî â ñèëó íàéäåííîãî âèäà ïðîåêòîðà P íà÷àëüíûå óñëîâèÿ

(2.10.2) ýêâèâàëåíòíû óñëîâèÿì

Dσk(1− β∆)v(ξ, 0) = yk(ξ), ξ ∈ Ω, k = 0, 1, . . . , n− 1. (2.11.8)

Èìååì

Dσl(1− β∆)v(·, 0) = Σk∈M1
(1− βλk)⟨Dσlv(·, 0), φk⟩φk = Σk∈M1

⟨yl, φk⟩φk,

ïîýòîìó

⟨Dσlv(·, 0), φk⟩ =
⟨yl, φk⟩
1− βλk

, k ∈ M1, l = 0, 1, . . . , n− 1,

γΠ∆Σk∈M1

⟨Dσl
t v(·, 0), φk⟩φk
1− βλk

= γΠ∆Σk∈M1

⟨yl, φk⟩
(1− βλk)2

, l = 0, 1, . . . , n− 1.

Òàêèì îáðàçîì, ñ ïîìîùüþ óñëîâèé (2.11.8) îïðåäåëåíû çíà÷åíèÿDσlPx(·, 0),
l = 0, 1, . . . , n− 1.
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Òåîðåìà 2.11.2. Ïóñòü γβ ̸= 0, β−1 ∈ σ(A), ôóíêöèÿ φ ∈ C([0, T ];R) ïðè
αn = 1 è φ ∈ C1

γ([0, T ];R) äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1, Dσkφ ∈
C([0, T ];R), k = 0, 1, . . . , n − 1, µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé

âàðèàöèè. Òîãäà çàäà÷à (2.11.2)�(2.11.5), (2.11.8) êîððåêòíà â òîì è òîëüêî

â òîì ñëó÷àå, êîãäà
T∫

0

φ(t)dµ(t) ̸= 0

äëÿ âñåõ k ∈ M1

χ

(
γλk

1− βλk

)
̸= 0

Äîêàçàòåëüñòâî. Èç ëåììû 2.11.2 ñëåäóåò, ÷òî îïåðàòîðM (L, 1)-îãðàíè÷åí,

X 0 = kerP = span{φk : k ∈ M0}×Hπ, X 1 = imP èçîìîðôíî ïîäïðîñòðàíñòâó

(span{φk : k ∈ M1} ∩H2
σ)× {0}, Y0 = kerQ = span{φk : k ∈ M0} ×Hπ, Y1 =

imQ èçîìîðôíî ïîäïðîñòðàíñòâó span{φk : k ∈ M1} × {0}. Óòâåðæäåíèå
äàííîé òåîðåìû ñëåäóåò èç òåîðåìû 2.10.1 è ëåììû 2.11.2.
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3. Óðàâíåíèÿ ñ íåîãðàíè÷åííûìè îïåðàòîðàìè

3.1. Ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

Dσkz(0) = zk, k = 0, 1, . . . , n− 1. (3.1.1)

äëÿ óðàâíåíèÿ

Dσnz(t) = Az(t), t > 0, (3.1.2)

ãäå A ∈ Cl(Z), Dσn � äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñåñÿíà, êî-

òîðàÿ îïðåäåëÿåòñÿ íàáîðîì ÷èñåë {αk}n0 = {α0, α1, . . . , αn}, 0 < αk ≤ 1,

k = 0, 1, . . . , n ∈ N, σn > 0.

Ôóíêöèÿ z ∈ C(R+;DA) ∩ L1,loc(R+;DA) íàçûâàåòñÿ ðåøåíèåì çàäà÷è

(3.1.1), (3.1.2), åñëè Dσkz ∈ AC(R+;Z), k = 0, 1, . . . , n− 1, Dσnz ∈ C(R+;Z),

ðàâåíñòâî (3.1.2) âûïîëíÿåòñÿ äëÿ âñåõ t ∈ R+ è âûïîëíåíû óñëîâèÿ (3.1.1).

Îïðåäåëåíèå 3.1.1. Ñåìåéñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ {Sk(t) ∈
L(Z) : t > 0} íàçûâàåòñÿ k-ðàçðåøàþùèì ñåìåéñòâîì, k ∈ {0, 1, . . . , n− 1},
äëÿ óðàâíåíèÿ (3.1.2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) {Sk(t) ∈ L(Z) : t > 0} ñèëüíî íåïðåðûâíî ïðè t > 0;

(ii) Sk(t)[DA] ⊂ DA, Sk(t)Ax = ASk(t)x äëÿ âñåõ x ∈ DA, t > 0;

(iii) äëÿ êàæäîãî zk ∈ DA Sk(t)zk ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Dσkz(0) =

zk, D
σlz(0) = 0, l ∈ {0, 1, . . . , n− 1} \ {k} äëÿ óðàâíåíèÿ (3.1.2).

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, îáîçíà÷èì ÷åðåç Lap(R+;X ) ìíîæå-

ñòâî âñåõ îòîáðàæåíèé èç R+ â X , äëÿ êîòîðûõ ñóùåñòâóåò ïðåîáðàçîâàíèå

Ëàïëàñà.

Ëåììà 3.1.1. Ïóñòü αl ∈ (0, 1], l = 0, 1, . . . , n, σn > 0, äëÿ íåêîòîðîãî k ∈
{0, 1, . . . ,m−1} ñóùåñòâóåò k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ {Sk(t) ∈
L(Z) : t > 0} äëÿ óðàâíåíèÿ (3.1.2), òàêîå, ÷òî äëÿ âñåõ t > 0 ∥Sk(t)∥L(Z) ≤
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Keatt−β ïðè íåêîòîðûõ K > 0, a ∈ R, β ∈ [0, 1). Òîãäà ïðè Reλ > a èìååì

λσn ∈ ρ(A),

Ŝk(λ) = λσn−σk−1Rλσn(A) (3.1.3)

è k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ äëÿ óðàâíåíèÿ (3.1.2) åäèíñòâåííî

â êëàññå Lap(R+;L(Z)).

Äîêàçàòåëüñòâî. Â ñèëó òîæäåñòâà (1.1.3) è ïóíêòîâ (ii) è (iii) îïðåäåëå-

íèÿ 3.1.1 äëÿ zk ∈ DA, Reλ > a

λσnŜk(λ)zk − λσn−σk−1zk = AŜk(λ)zk = Ŝk(λ)Azk.

Ñëåäîâàòåëüíî, îïåðàòîð λσnI − A : DA → Z îáðàòèì è ðàâåíñòâî (3.1.3)

âûïîëíåíî. Ïîñêîëüêó Ŝk(λ) ∈ L(Z) ïðè Reλ > a, èìååì λσn ∈ ρ(A). Ðà-

âåíñòâî (3.1.3) è åäèíñòâåííîñòü îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà âëåêóò

åäèíñòâåííîñòü k-ðàçðåøàþùåãî ñåìåéñòâà îïåðàòîðîâ äëÿ óðàâíåíèÿ (3.1.2)

â êëàññå Lap(R+;L(Z)).

Ëåììà 3.1.2. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, σn > 0, ñóùåñòâóåò 0-

ðàçðåøàþùåå ñåìåéñòâî {S0(t) ∈ L(Z) : t > 0} äëÿ óðàâíåíèÿ (3.1.2), òàêîå,

÷òî äëÿ âñåõ t > 0 ∥S0(t)∥L(Z) ≤ Keattσ0 ïðè íåêîòîðîì K > 0, a ≥ 0. Òîãäà

äëÿ êàæäîãî k = 0, 1, . . . , n − 1 ñóùåñòâóåò åäèíñòâåííîå â Lap(R+;L(Z))

k-ðàçðåøàþùåå ñåìåéñòâî {Sk(t) ∈ L(Z) : t > 0}. Ïðè÷åì äëÿ âñåõ t > 0

Sk(t) ≡ Jσk−σ0t S0(t) è ∥Sk(t)∥L(Z) ≤ K1e
attσk ïðè íåêîòîðîì K1 > 0, k =

1, 2, . . . , n− 1.

Äîêàçàòåëüñòâî. Ïîñêîëüêó äëÿ êàæäîãî z0 ∈ DA \ {0} J1−α0S0(t)z0 èìååò

íåíóëåâîé ïðåäåë z0 ïðè t→ 0+, â ñèëó [46, Ëåììà 1]

S0(t)z0 =
tα0−1z0
Γ(α0)

+ o(tα0−1)

ïðè t → 0+. Ñëåäîâàòåëüíî, îãðàíè÷åíî ìíîæåñòâî {t1−α0S0(t)z0} ïðè ëþ-

áîì z0 ∈ DA, ïîýòîìó ïî ïðèíöèïó ðàâíîìåðíîé îãðàíè÷åííîñòè ìíîæåñòâî
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{t1−α0S0(t)z0} ïðè ëþáîì z0 ∈ Z òàêæå îãðàíè÷åíî. Ïîýòîìó ïðè ëþáîì

z0 ∈ Z , T > 0 S0(t)z0 ∈ L1(0, T ;Z) è ñóùåñòâóþò äðîáíûå èíòåãðàëû Ðè-

ìàíà � Ëèóâèëëÿ îò S0(t)z0.

Îïðåäåëèì äëÿ k = 1, 2, . . . , n − 1 ñåìåéñòâà {Sk(t) := Jσk−σ0t S0(t) ∈
L(Z) : t > 0}. Ïî ïîñòðîåíèþ îíè óäîâëåòâîðÿåò óñëîâèþ (i) îïðåäåëåíèÿ

3.1.1. Äëÿ x ∈ DA, t > 0

Jσk−σ0t S0(t)Ax =

t∫
0

(t− s)σk−σ0−1

Γ(σk − σ0)
S0(s)Axds = AJσk−σ0t S0(t)x,

òàê êàê {S0(t) ∈ L(Z) : t > 0} óäîâëåòâîðÿåò óñëîâèþ (ii) èç îïðåäåëåíèÿ

3.1.1 è îïåðàòîð A çàìêíóò. Èòàê, óñëîâèå (ii) âûïîëíåíî äëÿ {Sk(t) ∈ L(Z) :

t > 0}, k = 1, 2, . . . , n− 1.

Äàëåå äëÿ âñåõ t > 0

∥Sk(t)∥L(Z) ≤ K

t∫
0

(t− s)σk−σ0−1

Γ(σk − σ0)
sσ0easds ≤ KeattσkΓ(σ0 + 1)

Γ(σk + 1)
= K1e

attσk.

Äëÿ zk ∈ DA èìååì ðàâåíñòâî λσnŜ0(λ)zk− λσn−σ0−1zk = AŜ0(λ)zk â ñè-

ëó ïóíêòà (iii) îïðåäåëåíèÿ 0-ðàçðåøàþùåãî ñåìåéñòâà îïåðàòîðîâ. Óìíîæèì

îáå åãî ÷àñòè íà λσ0−σk è ïîëó÷èì ðàâåíñòâî λσn ̂Jσk−σ0t S0(λ)zk − λσn−σk−1zk =

A ̂Jσk−σ0t S0(λ)zk, ò. å. λ
σnŜk(λ)zk − λσn−σk−1zk = AŜk(λ)zk. Â ñèëó åäèíñòâåí-

íîñòè îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà {Sk(t) ∈ L(Z) : t > 0} ÿâëÿåòñÿ

k-ðàçðåøàþùèì ñåìåéñòâîì äëÿ óðàâíåíèÿ (3.1.2). Ñëåäîâàòåëüíî, ñïðàâåä-

ëèâî ðàâåíñòâî (3.1.3) è k-ðàçðåøàþùåå ñåìåéñòâî óðàâíåíèÿ (3.1.2) åäèí-

ñòâåííî â Lap(R+;L(Z)) â ñèëó ëåììû 3.1.1.

Çàìå÷àíèå 3.1.1. Ïàðàìåòð σ0 â ôîðìóëèðîâêå ëåììû 3.1.2 îïðåäåëÿåò ñòå-

ïåííóþ îñîáåííîñòü ñåìåéñòâà {S0(t) ∈ L(Z) : t > 0} â íóëå. Â íà÷àëå äî-

êàçàòåëüñòâà ëåììû 3.1.2 áûëî ïîêàçàíî, ÷òî ó íàñ åñòü òîëüêî äâå âîçìîæ-

íîñòè: îñîáåííîñòü â íóëå èìååò ñòåïåíü σ0 := α0 − 1 < 0, èëè îñîáåííîñòü

îòñóòñòâóåò â ñëó÷àå α0 = 1. Â ñèëó ëåììû 3.1.2 k-ðàçðåøàþùåå ñåìåéñòâî
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{Sk(t) ∈ L(Z) : t > 0} èìååò îñîáåííîñòü ñòåïåíè σk < 0, ëèáî íå èìååò åå â

íóëå, åñëè σk ≥ 0.

Òåîðåìà 3.1.1. Ïóñòü αl ∈ (0, 1], l = 0, 1, . . . , n, σn > 0, äëÿ íåêîòîðî-

ãî k ∈ {0, 1, . . . , n − 1} ñóùåñòâóåò k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ

{Sk(t) ∈ L(Z) : t > 0} äëÿ óðàâíåíèÿ (3.1.2), òàêîå, ÷òî äëÿ âñåõ t > 0

∥Sk(t)∥L(Z) ≤ Keattσk ïðè íåêîòîðûõ K > 0, a ≥ 0. Òîãäà ñóùåñòâóåò ïðå-

äåë lim
t→0+

DσkSk(t) = I ïî íîðìå L(Z) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

A ∈ L(Z).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî â ñèëó ðàâåíñòâà (1.1.3), îïðåäåëåíèÿ 3.1.1 è

ëåììû 3.1.1 D̂σkSk = λσkŜk = λσn−1(λσnI−A)−1. Ñëåäîâàòåëüíî, äëÿ zk ∈ DA,

b > a

DσkSk(t)zk =

b+i∞∫
b−i∞

λσn−1Rλσn(A)e
λtzkdλ = zk +

b+i∞∫
b−i∞

λ−1Rλσn(A)e
λtAzkdλ.

(3.1.4)

Òàê êàê ∥Sk(t)∥L(Z) ≤ Keattσk , òî ∥Ŝk(λ)∥L(Z) ≤ C|λ|−σk−1, òîãäà â ñèëó (3.1.3)

äëÿ äîñòàòî÷íî áîëüøèõ |λ|

∥λ−1Rλσn(A)∥L(Z) ≤
C1

|λ|σn+1
,

ñëåäîâàòåëüíî, ∥DσkSk(t)zk∥Z ≤ K1e
bt è â ñèëó ïëîòíîñòè DA â Z èìååì

íåðàâåíñòâà ∥DσkSk(t)∥L(Z) ≤ K1e
bt, ∥DσkSk(t) − I∥L(Z) ≤ K1e

bt + 1. Äëÿ

Reλ > b
∞∫
0

e−λt(DσkSk(t)− I)dt = λσn−1Rλσn(A)− λ−1I.

Ïóñòü ôóíêöèÿ η(t) := ∥DσkSk(t) − I∥L(Z) íåïðåðûâíà íà îòðåçêå [0, 1] è

η(0) = 0. Äëÿ ε > 0 âîçüìåì δ > 0, òàêîå, ÷òî η(t) ≤ ε äëÿ âñåõ t ∈ [0, δ],

òîãäà

∥∥λσn−1Rλσn(A)− λ−1I
∥∥
L(Z)

≤
δ∫

0

e−tReλη(t)dt+

∞∫
δ

e−tReλη(t)dt ≤
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≤ ε

Reλ
(1− e−δReλ) +

∞∫
δ

e−tReλ(K1e
bt + 1)dt ≤ ε

Reλ
+ o

(
1

Reλ

)
ïðè Reλ → +∞, òàê êàê η(t) ≤ K1e

bt + 1 ïðè t ≥ 0. Ñëåäîâàòåëüíî, ïðè äî-

ñòàòî÷íî áîëüøèõ λ > 0 ∥λσnRλσn(A)− I∥L(Z) < 1, ïîýòîìó îïåðàòîð Rλσn(A)

íåïðåðûâíî îáðàòèì è A ∈ L(Z).

Ïóñòü A ∈ L(Z), R > ∥A∥1/σnL(Z), ΓR := Γ1,R ∪ Γ2,R ∪ Γ3,R, ãäå Γ1,R :=

{Reiφ : φ ∈ (−π, π)}, Γ2,R := {reiπ : r ∈ [R,∞)}, Γ3,R := {re−iπ : r ∈ [R,∞)}.
Äëÿ t > 0 â ñèëó ðàâåíñòâà (3.1.4) ïîëó÷èì

DσkSk(t) = I +
1

2πi

∫
ΓR

λ−1Rλσn(A)Ae
λtdλ = I +

1

2πi

∫
ΓR

1

λ

∞∑
l=1

Aleλtdλ

λlσn
.

Ïðè ìàëûõ t > 0 âîçüìåì R = 1/t è ïîëó÷èì

∥DσkSk(t)− I∥L(Z) ≤ C1

3∑
k=1

∞∑
l=1

∫
Γk,R

∥A∥lL(Z)|dλ|
|λ|lσn+1

≤
C2t

σn∥A∥L(Z)

1− tσn∥A∥L(Z)
→ 0

ïðè t→ 0+.

3.2. Àíàëèòè÷åñêèå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

Ââåäåì îáîçíà÷åíèÿ Sθ,a := {λ ∈ C : | arg(λ− a)| < θ, λ ̸= a} äëÿ θ ∈ [π/2, π],

a ∈ R, Σψ := {t ∈ C : | arg t| < ψ, t ̸= 0} äëÿ ψ ∈ (0, π/2] è ñôîðìóëèðóåì

âàæíîå äëÿ äàëüíåéøèõ ðàññóæäåíèé óòâåðæäåíèå.

Òåîðåìà 3.2.1. [56]. Ïóñòü θ0 ∈ (π/2, π], a ∈ R, β ∈ [0, 1), X � áàíàõî-

âî ïðîñòðàíñòâî, H : (a,∞) → X � íåêîòîðîå îòîáðàæåíèå. Ñëåäóþùèå

óòâåðæäåíèÿ ýêâèâàëåíòíû.

(i) Ñóùåñòâóåò àíàëèòè÷åñêàÿ ôóíêöèÿ F : Σθ0−π/2 → X , äëÿ êàæ-

äîãî θ ∈ (π/2, θ0) ñóùåñòâóåò òàêîå C(θ) > 0, ÷òî äëÿ âñåõ t ∈ Σθ−π/2

íåðàâåíñòâî ∥F (t)∥X ≤ C(θ)|t|−βeaRe t âûïîëíåíî; F̂ (λ) = H(λ) äëÿ λ > a.
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(ii) Îòîáðàæåíèå H àíàëèòè÷åñêè ïðîäîëæèìî íà Sθ0,a; äëÿ ëþáîãî

θ ∈ (π/2, θ0) ñóùåñòâóåò K(θ) > 0, òàêîå, ÷òî äëÿ âñåõ λ ∈ Sθ,a

∥H(λ)∥X ≤ K(θ)

|λ− a|1−β
.

k-Ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ, k ∈ {0, 1, . . . , n−1}, íàçûâàåòñÿ
àíàëèòè÷åñêèì, åñëè îíî èìååò àíàëèòè÷åñêîå ïðîäîëæåíèå â ñåêòîð Σψ0

ïðè

íåêîòîðîì ψ0 ∈ (0, π/2]. Àíàëèòè÷åñêîå k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòî-

ðîâ {Sk(t) ∈ L(Z) : t > 0} èìååò òèï (ψ0, a0, β) ïðè íåêîòîðîì ψ0 ∈ (0, π/2],

a0 ∈ R, β ≥ 0, åñëè äëÿ âñåõ ψ ∈ (0, ψ0), a > a0 ñóùåñòâóåò C(ψ, a), òàêîå,

÷òî äëÿ âñåõ t ∈ Σψ âûïîëíÿåòñÿ íåðàâåíñòâî ∥Sk(t)∥L(Z) ≤ C(ψ, a)eaRe t|t|−β.

Çàìå÷àíèå 3.2.1. Èç ëåììû 3.1.2 è çàìå÷àíèÿ 3.1.1 ñëåäóåò, ÷òî äëÿ k-

ðàçðåøàþùåãî ñåìåéñòâà îïåðàòîðîâ {Sk(t) ∈ L(Z) : t > 0} ìîæåò áûòü

òîëüêî β = −σk èëè β = 0.

Îïðåäåëåíèå 3.2.1. Îïåðàòîð A ∈ Cl(Z) ïðèíàäëåæèò êëàññó A{αk}(θ0, a0)

äëÿ íåêîòîðîãî θ0 ∈ (π/2, π), a0 ≥ 0, αk ∈ (0, 1], k = 0, 1, . . . , n, σn > 0, åñëè:

(i) äëÿ âñåõ λ ∈ Sθ0,a0 èìååì λσn ∈ ρ(A);

(ii) äëÿ ëþáûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò òàêîå K(θ, a) > 0,

÷òî äëÿ âñåõ λ ∈ Sθ,a

∥Rλσn(A)∥L(Z) ≤
K(θ, a)

|λ− a|α0|λ|σn−σ0−1
.

Åñëè A ∈ A{αk}(θ0, a0), òî îïðåäåëåíû îïåðàòîðû

Zk(t) =
1

2πi

∫
Γ

λσn−σk−1Rλσn(A)e
λtdλ, t > 0, k = 0, 1, . . . , n− 1,

ãäå Γ := Γ+ ∪ Γ− ∪ Γ0, Γ± := {λ ∈ C : λ = a + re±iθ, r ∈ (δ,∞)}, Γ0 := {λ ∈
C : λ = a+ δeiφ, φ ∈ (−θ, θ)} äëÿ íåêîòîðûõ δ > 0, a > a0, θ ∈ (π/2, θ0).

Òåîðåìà 3.2.2. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π],

a0 ≥ 0.



90

(i) Åñëè ñóùåñòâóåò àíàëèòè÷åñêîå 0-ðàçðåøàþùåå ñåìåéñòâî îïåðà-

òîðîâ òèïà (θ0 − π/2, a0,−σ0) äëÿ óðàâíåíèÿ (3.1.2), òî A ∈ A{αk}(θ0, a0).

(ii) Åñëè A ∈ A{αk}(θ0, a0), òî äëÿ êàæäîãî k = 0, 1, . . . , n − 1 ñóùå-

ñòâóþò åäèíñòâåííîå àíàëèòè÷åñêîå k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòî-

ðîâ {Sk(t) ∈ L(Z) : t > 0} òèïà (θ0 − π/2, a0,max{−σk, 0}) äëÿ óðàâíåíèÿ

(3.1.2). Áîëåå òîãî, Sk(t) ≡ Zk(t) ≡ Jσk−σ0t Z0(t), k = 0, 1, . . . , n− 1, t > 0.

Äîêàçàòåëüñòâî. Âûáåðåì R > δ,

ΓR :=
4⋃

k=1

Γk,R, Γ1,R := Γ0,

Γ2,R := {λ ∈ C : λ = a+Reiφ, φ ∈ (−θ, θ)},

Γ3,R := {λ ∈ C : λ = a+ reiθ, r ∈ [δ, R]},

Γ4,R := {λ ∈ C : λ = a+ re−iθ, r ∈ [δ, R]},

ΓR � ïîëîæèòåëüíî îðèåíòèðîâàííûé çàìêíóòûé êîíòóð,

Γ5,R := {λ ∈ C : λ = a+ reiθ, r ∈ [R,∞)},

Γ6,R := {λ ∈ C : λ = a+ re−iθ, r ∈ [R,∞)},

òîãäà Γ = Γ5,R ∪ Γ6,R ∪ ΓR \ Γ2,R.

Åñëè A ∈ A{αk}(θ0, a0), òî ïî òåîðåìå 3.2.1 ïðè X = L(Z) ñåìåéñòâî

îïåðàòîðîâ {Z0(t) ∈ L(Z) : t > 0} àíàëèòè÷íî òèïà (θ0 − π/2, a0,−σ0). Ïðè
ýòîì î÷åâèäíî âûïîëíÿþòñÿ ïóíêòû (i) è (ii) îïðåäåëåíèÿ 3.1.1.

Äëÿ ëþáûõ θ ∈ (π/2, θ0), a > a0, ñóùåñòâóåò K(θ, a) > 0, òàêîå, ÷òî

äëÿ âñåõ λ ∈ Sθ,a∥∥λσn−σk−1Rλσn(A)
∥∥
L(Z)

≤ C
∥∥λσn−σ0−1Rλσn(A)

∥∥
L(Z)

≤ CK(θ, a)

|λ− a|α0
. (3.2.1)

Ïîýòîìó ïðè k = 0, 1, . . . , n − 1, Reλ > a0 ñóùåñòâóþò ïðåîáðàçîâàíèÿ Ëà-

ïëàñà Ẑk(λ) = λσn−σk−1Rλσn(A), Ĵ
β
t Zk(λ) = λσn−σk−1−βRλσn(A), β > 0, ñëåäî-

âàòåëüíî, Zk(t) = Jσk−σ0t Z0(t).
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Ïðè z0 ∈ DA

Dα0−1
t Z0(t)z0 =

1

2πi

∫
Γ

λσn−1Rλσn(A)e
λtz0dλ =

=
1

2πi

∫
Γ

eλt

λ
z0dλ+

1

2πi

∫
Γ

λ−1Rλσn(A)e
λtAz0dλ =

= z0 +
1

2πi

∫
Γ

λ−1Rλσn(A)e
λtAz0dλ.

Ïðè t ∈ [0, 1], λ ∈ Γ \ {µ ∈ C : |µ| ≤ 2a}∥∥λ−1Rλσn(A)e
λtAz0

∥∥
Z ≤ ea+δK(θ, a)∥Az0∥Z

|λ− a|α0|λ|σn−σ0
≤ C1

|λ|σn+1
.

Ñëåäîâàòåëüíî
1

2πi

∫
Γ

λ−1Rλσn(A)e
λtAz0dλ =

= lim
R→∞

1

2πi

∫
ΓR

−
∫

Γ2,R

+

∫
Γ5,R

+

∫
Γ6,R

λ−1Rλσn(A)e
λtAz0dλ = 0,

òàê êàê ïî òåîðåìå Êîøè∫
ΓR

λ−1Rλσn(A)e
λtAz0dλ = 0,

∥∥∥ ∫
Γs,R

λ−1Rλσn(A)e
λtAz0dλ

∥∥∥
Z
≤ C2

Rσn
→ 0

ïðè R → ∞ äëÿ s = 2, 5, 6.

Ïðè ýòîì â ñèëó ðàâåíñòâà (1.1.3)

Lap[Dσ1Z0(·)z0](λ)=λσn−σ0−1+σ1Rλσn(A)z0 − λσ1−σ0−1z0=λ
α1−1Rλσn(A)Az0,

äëÿ λ ∈ Γ \ {µ ∈ C : |µ| ≤ 2a}

∥λα1−1Rλσn(A)Az0∥Z ≤ C3

|λ|σn−σ0+α0−α1
=

C3

|λ|α0+α2+α3+···+αn
,

α0 + α2 + α3 + · · ·+ αn ≥ α0 + αn > 1, ñëåäîâàòåëüíî, Dσ1Z0(0)z0 = 0.

Äàëåå, äëÿ êàæäîãî k = 2, 3, . . . , n− 1

Lap[DσkZ0(·)z0](λ)=λσn−σ0−1+σkRλσn(A)z0 − λσk−σ0−1z0=λ
σk−σ0−1Rλσn(A)Az0,
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äëÿ λ ∈ Γ \ {µ ∈ C : |µ| ≤ 2a}

∥λσk−σ0−1Rλσn(A)Az0∥Z ≤ C3

|λ|σn−σk+α0
=

C3

|λ|α0+αk+1+αk+2+···+αn
,

òàêèì îáðàçîì, DσkZ0(0)z0 = 0.

Îòìåòèì òàêæå, ÷òî äëÿ k = 0, 1, . . . , n − 1, zk ∈ DA, T > 0 ñ ó÷åòîì

(3.2.1) ïîëó÷àåì ñóùåñòâîâàíèå òàêîãî C > 0, ÷òî ïðè âñåõ t ∈ [0, T ]

∥AZk(t)zk∥Z = ∥Zk(t)Azk∥Z ≤ Ctα0−1∥Azk∥Z ,

ïîýòîìó Zk(·)zk ∈ L1,loc(R+;DA).

Íàêîíåö,

Lap[DσnZ0(·)z0](λ)=λσn−σ0−1+σnRλσn(A)z0 − λσn−σ0−1z0=Aλ
σn−σ0−1Rλσn(A)z0.

Ïîñëå äåéñòâèÿ îáðàòíûì ïðåîáðàçîâàíèåì Ëàïëàñà, ïîëó÷àåì ðàâåí-

ñòâî DσnZ0(t)z0 = AZ0(t)z0, çíà÷èò, {Z0(t) ∈ L(Z) : t > 0} � 0-ðàçðåøàþùåå

ñåìåéñòâî îïåðàòîðîâ äëÿ óðàâíåíèÿ (3.1.2). Òîãäà ïî ëåììå 3.1.2 äëÿ ëþáîãî

k = 1, 2, . . . , n− 1 ñóùåñòâóåò k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ, êîòîðîå

ñîâïàäàåò ñ îïåðàòîðîì Jσk−σ0t Z0(t) = Zk(t). Êàæäîå òàêîå ñåìåéñòâî àíà-

ëèòè÷íî òèïà (θ0 − π/2, a0,max{−σk, 0}), ñì. äîêàçàòåëüñòâî ëåììû 3.1.2 è

çàìå÷àíèå 3.2.1.

Åñëè ñóùåñòâóåò 0-ðàçðåøàþùåå ñåìåéñòâî òèïà (θ0−π/2, a0,−σ0), ðà-
âåíñòâî (3.1.3) ïðè k = 0 è òåîðåìà 3.2.1 ñ X = L(Z) âëåêóò âêëþ÷åíèå

A ∈ A{αk}(θ0, a0).

Çàìå÷àíèå 3.2.2. Îáðàòèì âíèìàíèå, ÷òî åñëè α0 + αn > 1, òî σn =

α0 + αn − 1 + α1 + α2 + · · ·+ αn−1 > α0 + αn − 1 > 0.

Ñëåäñòâèå 3.2.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈
(π/2, π], a0 ≥ 0, A ∈ A{αk}(θ0, a0). Òîãäà äëÿ ëþáûõ z0, z1, . . . , zn−1 ∈ DA

ôóíêöèÿ

z(t) =
n−1∑
k=0

Zk(t)zk
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ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (3.1.1), (3.1.2). Ïðè ýòîì ðåøåíèå

àíàëèòè÷íî â Σθ0−π/2.

Äîêàçàòåëüñòâî. Ïîñëå òåîðåìû 3.2.2 îñòàëîñü äîêàçàòü åäèíñòâåííîñòü ðå-

øåíèÿ. Ïóñòü ñóùåñòâóåò ðåøåíèå y çàäà÷è (3.1.1), (3.1.2) ñ íà÷àëüíûìè äàí-

íûìè z0 ∈ DA, zk = 0, k = 1, 2, . . . , n − 1. Îäíèì èç òàêèõ ðåøåíèé ÿâ-

ëÿåòñÿ ôóíêöèÿ Z0(t)z0. Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå ëåììû 1.2.1, â

ñèëó àáñîëþòíîé íåïðåðûâíîñòè ôóíêöèé Dσky, k = 0, 1, . . . , n − 1, ïîëó-

÷èì öåïî÷êó ðàâåíñòâ Dσny(t) = Ay(t), Dσn−1y(t) = Jαn
t Ay(t), . . . , Dσ1y(t) =

Jα2+α3+···+αn
t Ay(t),

Dσ0y(t) = Jα1+α2+···+αn
t Ay(t)+z0 = Jσnt AD

σ0y(t)+z0 = gσn∗ADσ0y+z0, (3.2.2)

ãäå gβ(t) := tβ−1/Γ(β), ñâåðòêà Ëàïëàñà ∗ îïðåäåëÿåòñÿ ðàâåíñòâîì

(f ∗ g)(t) =
t∫

0

f(t− s)g(s)ds.

Ïðè ýòîì èñïîëüçîâàí òîò ôàêò, ÷òî ïî îïðåäåëåíèþ ðåøåíèÿ âûïîëíÿåò-

ñÿ âêëþ÷åíèå y ∈ L1,loc(R+;DA), à çíà÷èò, Jα0−1
t Ay(t) = AJα0−1

t y(t) â ñèëó

çàìêíóòîñòè îïåðàòîðà A, ò. å. Dσ0y(t) ∈ DA ïðè t ≥ 0.

Ïîñêîëüêó ðàâåíñòâî (3.2.2) ñïðàâåäëèâî äëÿ ëþáîãî ðåøåíèÿ çàäà÷è

(3.1.1), (3.1.2) ñ íà÷àëüíûìè äàííûìè z0 ∈ DA, zk = 0, k = 1, 2, . . . , n − 1, â

÷àñòíîñòè, äëÿ ôóíêöèè Z0(t)z0, èìååì

1∗Dσ0y = (Dσ0Z0−gσn∗ADσ0Z0)∗Dσ0y = Dσ0Z0∗Dσ0y−Dσ0Z0∗gσn∗ADσ0y =

= Dσ0Z0 ∗ (Dσ0y − gσn ∗ ADσ0y) = Dσ0Z0 ∗ z0 = 1 ∗Dσ0Z0z0.

Òàê êàê Dσ0y,Dσ0Z0(·)z0 ∈ C(R+;Z), òî

Dσ0y(t) = D1
t (1 ∗Dσ0y)(t) = D1

t (1 ∗Dσ0Z0z0)(t) = Dσ0Z0(t)z0.

Ïîäåéñòâóåì íà îáå ÷àñòè ýòîãî ðàâåíñòâà ïî î÷åðåäè îïåðàòîðàìè Jα0
t è D1

t

è ïîëó÷èì y(t) = Z0(t)z0 ïðè âñåõ t ≥ 0.
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Åñëè y � ðåøåíèå çàäà÷è (3.1.1), (3.1.2) ñ íà÷àëüíûìè äàííûìè zk ∈

DA, k ∈ {0, 1, . . . , n − 1}, òî y(t) −
n−1∑
k=1

Zk(t)zk ÿâëÿåòñÿ ðåøåíèåì ýòîé æå

çàäà÷è ïðè zk = 0, k = 1, 2, . . . , n − 1. Ïî äîêàçàííîìó ïîëó÷àåì y(t) −
n−1∑
k=1

Zk(t)zk = Z0(t)z0. Òåì ñàìûì åäèíñòâåííîñòü ðåøåíèÿ äîêàçàíà.

Àíàëèòè÷íîñòü ðåøåíèÿ ñëåäóåò èç ñâîéñòâ îïåðàòîðîâ Zk(t) ïðè k =

0, 1, . . . , n− 1.

Òåîðåìà 3.2.3. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, σn ≥ 2,

θ0 ∈ (π/2, π], a0 ≥ 0, A ∈ A{αk}(θ0, a0). Òîãäà A ∈ L(Z).

Äîêàçàòåëüñòâî. Äëÿ íåêîòîðîãî ν0 ∈ C, òàêîãî ÷òî |ν0| ≥ Rσn, âîçüìåì

λ0 = ν
1/σn
0 , ïîýòîìó |λ0| ≥ R, arg λ0 = arg ν0/σn ∈ [−π/2, π/2], òàê êàê

σn ≥ 2. Òîãäà λ0 ∈ Sθ0,a0 ïðè äîñòàòî÷íî áîëüøîì R > 0. Ñëåäîâàòåëüíî,

{ν ∈ C : |ν| ≥ Rσn} ⊂ [Sθ0,a0]
σn ⊂ ρ(A), òàê êàê A ∈ A{αk}(θ0, a0).

Ïóñòü |ν| ≥ Rσn, ν = λσn, òîãäà

∥νRν(A)∥L(Z) ≤
K(θ, a)|λ|σ0+1

|λ− a|α0
≤ C

è ïî ëåììå 5.2 [59] îïåðàòîð A îãðàíè÷åí.

3.3. Íåîäíîðîäíîå óðàâíåíèå

Ðàññìîòðèì óðàâíåíèå

Dσnz(t) = Az(t) + f(t), t ∈ (0, T ], (3.3.1)

ãäå f ∈ C([0, T ];Z). Ôóíêöèÿ z ∈ C((0, T ];DA) ∩ L1(0, T ;Z) íàçûâàåòñÿ ðå-

øåíèåì çàäà÷è (3.1.1), (3.3.1), åñëè Dσkz ∈ AC([0, T ];Z), k = 0, 1, . . . , n − 1,

Dσnz ∈ C((0, T ];Z), ðàâåíñòâî (3.3.1) âûïîëíÿåòñÿ äëÿ âñåõ t ∈ (0, T ] è âû-

ïîëíåíû óñëîâèÿ (3.1.1).

Îáîçíà÷èì

Yβ(t) =
1

2πi

∫
Γ

λβRλσn(A)e
λtdλ, β ∈ R.
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Ëåììà 3.3.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π],

a0 ≥ 0, A ∈ A{αk}(θ0, a0), f ∈ C([0, T ];DA) ïðè αn = 1, f ∈ C([0, T ];DA) ∩
C1
γ([0, T ];Z) äëÿ íåêîòîðîãî γ < 1 ïðè αn < 1. Òîãäà ôóíêöèÿ

zf(t) =

t∫
0

Y0(t− s)f(s)ds (3.3.2)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

Dσkz(0) = 0, k = 0, 1, . . . , n− 1, (3.3.3)

äëÿ óðàâíåíèÿ (3.3.1).

Äîêàçàòåëüñòâî. Ïîñêîëüêó A ∈ A{αk}(θ0, a0), äëÿ äîñòàòî÷íî áîëüøèõ |λ|
∥Rλσn(A)∥L(Z) ≤ C|λ|−σn, ñëåäîâàòåëüíî, äëÿ β < σn, Reλ > a0 Ŷβ(λ) =

λβRλσn(A), ñóùåñòâóåò D
σ0Yβ(t) ïðè t > 0, D̂σ0Yβ(λ) = λβ+σ0Rλσn(A),

∥Yβ(t)∥L(Z) ≤ Ctσn−β−1, ∥Dσ0Yβ(t)∥L(Z) ≤ Ctσn−σ0−β−1, t ∈ (0, T ].

Ïîñêîëüêó ∥Y0(t)∥L(Z) ≤ Ctσn−1, ñóùåñòâîâàíèå ïðîèçâîäíîé Dσnzf(t)

ïðè t > 0 äîêàçûâàåòñÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå ëåììû 1.4.1.

Äàëåå,

∥Dσ0zf(t)∥Z =

∥∥∥∥∥∥
t∫

0

Yσ0(t− s)f(s)ds

∥∥∥∥∥∥
Z

≤ C sup
s∈[0,T ]

∥f(s)∥Ztσn−σ0,

ñëåäîâàòåëüíî, Dσ0zf(0) = 0. Îïðåäåëèì f íóëåì âíå îòðåçêà [0, T ], òîãäà

zf = Y0 ∗ f , ẑf(λ) = Ŷ0(λ)f̂(λ) = Rλσn(A)f̂(λ), D̂σ1zf(λ) = λσ1Rλσn(A)f̂(λ),

∥Dσ1zf(t)∥Z =

∥∥∥∥∥∥
t∫

0

Yσ1(t− s)f(s)ds

∥∥∥∥∥∥
Z

≤ C sup
s∈[0,T ]

∥f(s)∥Ztσn−σ1, t ∈ (0, T ],

Dσ1zf(0) = 0. Ïîâòîðÿÿ ïîñëåäîâàòåëüíî àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷à-

åì äëÿ âñåõ k = 2, 3, . . . , n− 1 D̂σkzf(λ) = λσkRλσn(A)f̂(λ),

∥Dσkzf(t)∥L(Z) ≤ C sup
s∈[0,T ]

∥f(s)∥Ztσn−σk
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äëÿ t ∈ (0, T ], Dσkzf(0) = 0, D̂σnzf(λ) = λσnRλσn(A)f̂(λ).

Ïîñêîëüêó f ∈ C([0, T ];DA), òî Azf(t) = zAf(t),

Âzf(λ) = ẑAf(λ) = ARλσn(A)f̂(λ) = λσnRλσn(A)f̂(λ)− f̂(λ),

ïîýòîìó Azf(t) = Dσnzf(t)−f(t) äëÿ âñåõ t > 0. Òàêèì îáðàçîì, äëÿ ôóíêöèè

zf âûïîëíÿåòñÿ ðàâåíñòâî (3.3.1). Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ òàê

æå, êàê è ïðè äîêàçàòåëüñòâå ñëåäñòâèÿ 3.2.1.

Îáîçíà÷èì ÷åðåç Cγ([0, T ];Z) äëÿ íåêîòîðîãî γ ∈ (0, 1] ìíîæåñòâî âñåõ

ôóíêöèé f : [0, T ] → Z, óäîâëåòâîðÿþùåå óñëîâèþ Ã¼ëüäåðà:

∃C > 0 ∀s, t ∈ [0, T ] ∥f(s)− f(t)∥Z ≤ C|s− t|γ.

Ëåììà 3.3.2. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π],

a0 ≥ 0, A ∈ A{αk}(θ0, a0), ïðè αn = 1 f ∈ Cγ([0, T ];Z), ïðè αn < 1 f ∈
Cγ([0, T ];Z) ∩ C1

γ([0, T ];Z) äëÿ íåêîòîðîãî γ ∈ (0, 1). Òîãäà ôóíêöèÿ (3.3.2)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (3.3.1), (3.3.3).

Äîêàçàòåëüñòâî. Ïîñêîëüêó îïåðàòîð A çàìêíóò, òî ïðè t > 0

AY0(t) =
1

2πi

∫
Γ

ARλσn(A)e
λtdλ =

1

2πi

∫
Γ

λσnRλσn(A)e
λtdλ = Yσn(t),

ïîýòîìó imY0(t) ⊂ DA, ∥AY0(t)∥L(Z) = O(t−1) ïðè t → 0+. Ñëåäîâàòåëüíî,

äëÿ âñåõ s, t ∈ (0, T ] ∥AY0(t− s)(f(s)− f(t))∥Z ≤ C|t− s|γ−1. Òîãäà

t∫
0

AY0(t− s)f(s)ds =

t∫
0

AY0(t− s)(f(s)− f(t))ds+

t∫
0

Yσn(t− s)f(t)ds,

t∫
0

Yσn(t− s)f(t)ds = −
t∫

0

D1
sYσn−1(t− s)f(t)ds = (Yσn−1(t)− Yσn−1(0))f(t).

Çàìåòèì, ÷òî äëÿ ëþáîãî x ∈ DA

Yσn−1(t)x = x+
1

2πi

∫
Γ

λ−1Rλσn(A)e
λtAxdλ→ x, t→ 0+,
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òàê êàê äëÿ äîñòàòî÷íî áîëüøèõ |λ| ∥λ−1Rλσn(A)Ax∥Z ≤ C∥Ax∥Z |λ|−σn−1. Â

òî æå âðåìÿ ïðè äîñòàòî÷íî áîëüøèõ |λ| ∥λσn−1Rλσn(A)∥L(Z) ≤ C|λ|−1, ñëåäî-

âàòåëüíî, ñåìåéñòâî {Yσn−1(t) ∈ L(Z) : t > 0} ðàâíîìåðíî îãðàíè÷åíî. Ñ ó÷å-

òîì ïëîòíîñòè DA â Z ïîëó÷àåì, ÷òî äëÿ êàæäîãî x ∈ Z lim
t→0+

Yσn−1(t)x = x.

Òàêèì îáðàçîì,∥∥∥∥∥∥
t∫

0

AY0(t− s)f(s)ds

∥∥∥∥∥∥
Z

≤ C1t
γ + ∥Yσn−1(t)− Yσn−1(0)∥L(Z)∥f(t)− f(0)∥Z+

+∥(Yσn−1(t)− Yσn−1(0))f(0)∥Z ≤

≤ C1t
γ + C2∥f(t)− f(0)∥Z + ∥(Yσn−1(t)− Yσn−1(0))f(0)∥Z → 0

ïðè t→ 0+. Ñëåäîâàòåëüíî, zf(t) ∈ DA, zf ∈ C([0, T ];DA).

Îñòàëüíûå ðàññóæäåíèÿ òàêèå æå, êàê è ïðè äîêàçàòåëüñòâå ïðåäûäó-

ùåé ëåììû.

Èç ñëåäñòâèÿ 3.2.1, ëåììû 3.3.1 è ëåììû 3.3.2 âûòåêàåò ñëåäóþùèé

ðåçóëüòàò.

Òåîðåìà 3.3.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π],

a0 ≥ 0, A ∈ A{αk}(θ0, a0), ôóíêöèÿ f óäîâëåòâîðÿåò îäíîìó èç ñëåäóþùèõ

óñëîâèé:

(i) f ∈ C([0, T ];DA) ïðè αn = 1 è f ∈ C([0, T ];DA) ∩ C1
γ([0, T ];Z) äëÿ

íåêîòîðîãî γ ∈ (0, 1) ïðè αn < 1;

(ii) f ∈ Cγ([0, T ];Z) ïðè αn = 1 è f ∈ Cγ([0, T ];Z) ∩ C1
γ([0, T ];Z) äëÿ

íåêîòîðîãî γ ∈ (0, 1) ïðè αn < 1.

Òîãäà ôóíêöèÿ

z(t) =
n−1∑
k=0

Zk(t)zk +

t∫
0

Y0(t− s)f(s)ds

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (3.1.1), (3.3.1).
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3.4. Òåîðåìà î âîçìóùåíèè äëÿ îïåðàòîðîâ êëàññà A{αk}(θ0, a0)

Òåîðåìà 3.4.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π],

a0 ≥ 0, A ∈ A{αk}(θ0, a0), B ∈ Cl(Z), äëÿ âñåõ x ∈ DA ⊂ DB

∥Bx∥Z ≤ β∥Ax∥Z + γ∥x∥Z , (3.4.1)

ãäå β, γ ≥ 0, ñóùåñòâóåò q ∈ (0, 1), òàêîå, ÷òî β(1+K(θ, a)) < q äëÿ ëþáûõ

θ ∈ (π/2, θ0), a > a0. Òîãäà A + B ∈ A{αk}(θ0, a1) äëÿ äîñòàòî÷íî áîëüøîãî

a1 > a0.

Äîêàçàòåëüñòâî. Âûáåðåì l > sin−1 θ0, λ ∈ Sθ,la ⊂ Sθ,a äëÿ íåêîòîðîãî θ ∈
(π/2, θ0), a > a0, òîãäà èç (3.4.1) ñëåäóåò, ÷òî

∥BRλσn(A)∥L(Z) ≤ β∥ARλσn(A)∥L(Z) + γ∥Rλσn(A)∥L(Z) ≤

≤ β

(
1 +

|λ|σ0+1KA(θ, a)

|λ− a|α0

)
+

γKA(θ, a)

|λ− a|α0|λ|σn−σ0−1
,

ãäå KA(θ, a) � êîíñòàíòà èç îïðåäåëåíèÿ 3.2.1 äëÿ îïåðàòîðà A. Îáðàòèì

âíèìàíèå, ÷òî çíà÷åíèå

|λ|α0

|λ− a|α0
≤ 1(

1− a
|λ|

)α0
≤ 1(

1− 1
l sin θ0

)α0

áëèçêî ê 1 è
|λ|α0

|λ− a|α0|λ|σn
≤ 1(

1− 1
l sin θ0

)α0

(la0 sin θ0)σn

áëèçêî ê 0 äëÿ äîñòàòî÷íî áîëüøîãî ÷èñëà l. Ïîýòîìó äëÿ òàêîãî l èìååì

∥BRλσn(A)∥L(Z) ≤ β

1 +
KA(θ, a)(

1− 1
l sin θ0

)α0

+
γKA(θ, a)(

1− 1
l sin θ0

)α0

(la0 sin θ0)σn
≤

≤ β(1 +K(θ, a)) + ε ≤ q < 1.

Ñëåäîâàòåëüíî,

Rλσn(A+B) = Rλσn(A)(I −BRλσn(A))
−1 = Rλσn(A)

∞∑
k=0

[BRλσn(A)]
k,
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|λ− la|
|λ− a|

=

∣∣∣∣1− (l − 1)a

λ− a

∣∣∣∣ ≤ 1 +
(l − 1)a

|λ− a|
< 1 +

1

sin θ0
,

∥Rλσn(A+B)∥L(Z) ≤
KA(θ, a)

(1− q)|λ− a|α0|λ|σn−σ0−1
≤

KA(θ, a)
(
1 + 1

sin θ0

)α0

(1− q)|λ− la|α0|λ|σn−σ0−1
.

Ïîýòîìó, A+B ∈ A{αk}(θ0, a1) ñ êîíñòàíòàìè a1 = la0,

KA+B(θ, a) =
KA(θ, a/l)

1− q

(
1 +

1

sin θ0

)α0

äëÿ âñåõ θ ∈ (π/2, θ0), a > a1

Çàìå÷àíèå 3.4.1. Êàæäûé îïåðàòîð B ∈ L(Z) óäîâëåòâîðÿåò óñëîâèþ

(3.4.1) ïðè β = 0, γ = ∥B∥L(Z).

3.5. Íà÷àëüíî-êðàåâàÿ çàäà÷à

äëÿ äðîáíîé ìîäåëè âÿçêîóïðóãîé æèäêîñòè Îëäðîéäà

Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, σn ∈ (0, 2), Ω ⊂ Rd � îãðàíè-

÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω. Ðàññìîòðèì ëèíåàðèçîâàííóþ ìîäåëü

äèíàìèêè âÿçêîóïðóãîé æèäêîñòè Îëäðîéäà ïîðÿäêà N = 1 [29] ñ äðîáíîé

ïðîèçâîäíîé Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåíè

Dσkv(x, 0) = vk(x), D
σkw(x, 0) = wk(x), x ∈ Ω, k = 0, 1, . . . , n− 1, (3.5.1)

v(x, t) = 0, w(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ], (3.5.2)

Dσnv = µ∆v +∆w −∇p+ g, (x, t) ∈ Ω× (0, T ], (3.5.3)

Dσnw = bv + cw + h, (x, t) ∈ Ω× (0, T ], (3.5.4)

∇ · v = 0, ∇ · w = 0, (x, t) ∈ Ω× (0, T ]. (3.5.5)

Çäåñü Dσk , k = 0, 1, . . . , n, åñòü ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïå-

ðåìåííîé t, T > 0, x = (x1, x2, . . . , xd) � ïðîñòðàíñòâåííûå ïåðåìåííûå, v =

(v1, v2, . . . , vd) � âåêòîð ñêîðîñòè æèäêîñòè, w = (w1, w2, . . . , wd) � ôóíêöèÿ

ïàìÿòè äëÿ ñêîðîñòè, îïðåäåëÿåìàÿ èíòåãðàëîì Âîëüòåððà ïî ïåðåìåííîé t
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äëÿ v, ∇p = (px1, px2, . . . , pxd) � ãðàäèåíò äàâëåíèÿ æèäêîñòè, ∆ � îïåðàòîð

Ëàïëàñà ïî âñåì ïðîñòðàíñòâåííûì ïåðåìåííûì, ∆v = (∆v1,∆v2, . . . ,∆vd),

∆w = (∆w1,∆w2, . . . ,∆wd), ∇·v = v1x1+v2x2+ · · ·+vdxd, ∇·w = w1x1+w2x2+

· · ·+ wdxd. Çàäàíû êîíñòàíòû µ, b, c ∈ R è ôóíêöèè g, h : Ω× [0, T ] → Rd.

Âîçüìåì L2 := (L2(Ω))
d, H1 := (W 1

2 (Ω))
d, H2 := (W 2

2 (Ω))
d. Çàìûêàíèå

L := {u ∈ (C∞
0 (Ω))d : ∇ · u = 0} ïî íîðìå L2 îáîçíà÷èì ÷åðåç Hσ, à â

íîðìå ïðîñòðàíñòâà H1 � ÷åðåç H1
σ. Îáîçíà÷èì òàêæå H2

σ := H1
σ ∩H2, Hπ �

îðòîãîíàëüíîå äîïîëíåíèå äëÿ Hσ â ãèëüáåðòîâîì ïðîñòðàíñòâå L2, Σ : L2 →
Hσ, Π := I − Σ : L2 → Hπ � ñîîòâåòñòâóþùèå ïðîåêòîðû.

Îïåðàòîð B = Σ∆, ðàñøèðåííûé äî çàìêíóòîãî îïåðàòîðà â ïðîñòðàí-

ñòâå Hσ ñ îáëàñòüþ îïðåäåëåíèÿ H2
σ, èìååò äåéñòâèòåëüíûé îòðèöàòåëüíûé

äèñêðåòíûé ñïåêòð ñ ñîáñòâåííûìè çíà÷åíèÿìè êîíå÷íûõ êðàòíîñòåé, ñãó-

ùàþùèìèñÿ òîëüêî íà −∞ [23]. Îáîçíà÷èì ÷åðåç {λk} ñîáñòâåííûå çíà÷åíèÿ
îïåðàòîðà B, ïðîíóìåðîâàííûå ïî íåâîçðàñòàíèþ ñ ó÷åòîì èõ êðàòíîñòåé,

÷åðåç {φk} áóäåì îáîçíà÷àòü îðòîíîðìèðîâàííóþ ñèñòåìó ñîîòâåòñòâóþùèõ

ñîáñòâåííûõ ôóíêöèé, îáðàçóþùóþ áàçèñ â Hσ [23].

Ïðèíèìàÿ âî âíèìàíèå óðàâíåíèÿ íåñæèìàåìîñòè (3.5.5), ïîëîæèìZ =

Hσ ×Hσ è îïðåäåëèì â Z îïåðàòîð

A =

(
µB B

bI cI

)
∈ Cl(Z), DA = H2

σ ×H2
σ. (3.5.6)

Òåîðåìà 3.5.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, σn ∈ [1, 2), µ > 0, b, c ∈
R, Z = Hσ × Hσ. Òîãäà îïåðàòîð A, îïðåäåëåííûé â (3.5.6), ïðèíàäëåæèò

êëàññó A{αk}(θ0, a0) äëÿ íåêîòîðûõ θ0 ∈ (π/2, π), a0 > 0.

Äîêàçàòåëüñòâî. Äëÿ θ0 ∈ (π/2, π), θ ∈ (π/2, θ0), a0 > 0, a > a0, λ ∈ Sθ,a

|λ− a|
|λ|

≤ 1 +
a

|λ|
≤ 1 +

1

sin θ0
,

ïîýòîìó

1

|λ|σn
=

|λ− a|α0

|λ|α0

1

|λ− a|α0|λ|σn−α0
≤

(
1 + 1

sin θ0

)α0

|λ− a|α0|λ|σn−σ0−1
.
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Çàìåòèì, ÷òî äëÿ äîêàçàòåëüñòâà âêëþ÷åíèÿ A ∈ A{αk}(θ0, a0) âìåñòî îöå-

íîê âèäà ∥Rλσn(A)∥L(Z) ≤ K
|λ−a|α0 |λ|σn−σ0−1 , äîñòàòî÷íî ïîëó÷èòü íåðàâåíñòâà

∥Rλσn(A)∥L(Z) ≤ K
|λ|σn .

Âîçüìåì θ0 ∈ (π/2, π/σn), a0 = (l|c|)1/σn, ãäå l > 1 äîñòàòî÷íî âåëèêî,

òîãäà äëÿ λ ∈ Sθ0,a0

λσnI − A =
∞∑
k=1

(
λσn − µλk −λk

−b λσn − c

)
⟨·, φk⟩φk,

(λσnI − A)−1 =
∞∑
k=1

 λσn−c
(λσn−c)(λσn−µλk)−bλk

λk
(λσn−c)(λσn−µλk)−bλk

b
(λσn−c)(λσn−µλk)−bλk

λσn−µλk
(λσn−c)(λσn−µλk)−bλk

 ⟨·, φk⟩φk.

Ïîñêîëüêó λσn ∈ Sθ0σn,l|c| äëÿ λ ∈ Sθ0,a0, òî |λσn − c| ≥ (l − 1)|c| sin(π − θ0σn),

ïðè äîñòàòî÷íî áîëüøîì l çíà÷åíèå |b(λσn − c)−1| äîñòàòî÷íî ìàëî è

arg

(
µ+

b

λσn − c

)
<

1

2
(π − θ0σn) .

Çàôèêñèðóåì òàêèå l, a0 = (l|c|)1/σn, òîãäà äëÿ λ ∈ Sθ0,a0 èìååì λσn ∈
Sθ0σn,l|c| ⊂ Sθ0σn,0 è∣∣∣∣ λσn − c

(λσn − c)(λσn − µλk)− bλk

∣∣∣∣ = 1∣∣λσn − λk
(
µ+ b

λσn−c
)∣∣ ≤ 1

|λ|σn sin π−θ0σn
2

,

∣∣∣∣ λk
(λσn − c)(λσn − µλk)− bλk

∣∣∣∣ = 1∣∣∣(λσn − c)
(
λσn

λk
− µ

)
− b
∣∣∣ ≤

≤ 1

|λ|σn sin(π − θ0σn) inf
k∈N,λ∈Sθ0,a0

∣∣∣λσnλk − µ
∣∣∣− b

≤

≤ 2

|λ|σn sin(π − θ0σn) inf
k∈N,λ∈Sθ0,a0

∣∣∣λσnλk − µ
∣∣∣ ,

åñëè âîçüìåì l, òàêîå, ÷òî

|b| < l|c|
2

sinσn θ0 sin(π − θ0σn) inf
k∈N,λ∈Sθ0,a0

∣∣∣∣λσnλk − µ

∣∣∣∣ ≤
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≤ |λ|σn
2

sin(π − θ0σn) inf
k∈N,λ∈Sθ0,a0

∣∣∣∣λσnλk − µ

∣∣∣∣ .
Äàëåå, äëÿ áîëüøèõ k ∈ N∣∣∣∣ b

(λσn − c)(λσn − µλk)− bλk

∣∣∣∣ ≤
≤ |b|∣∣∣∣∣
(
λσn − c+µλk+

√
(c−µλk)

2−4bλk
2

2

)(
λσn − c+µλk−

√
(c−µλk)

2−4bλk
2

2

)∣∣∣∣∣
≤

≤ |b|
|λ|2σn sin2(π − θ0σn)

≤ |b|(l|c|)−1 sin−σn θ0

|λ|σn sin2(π − θ0σn)
,∣∣∣∣ λσn − µλk

(λσn − c)(λσn − µλk)− bλk

∣∣∣∣ ≤ 1∣∣∣λσn − c− bλk
λσn−µλk

∣∣∣ ≤ 2

|λ|σn

ïðè äîñòàòî÷íî áîëüøîì l, ïîñêîëüêó

sup
k∈N,λ∈Sa0,θ0

∣∣∣∣c+ bλk
λσn − µλk

∣∣∣∣ <∞.

Òàêèì îáðàçîì, A ∈ A{αk}(θ0, a0) ñ θ0 ∈ (π/2, π/σn), a0 = (l|c|)1/σn ïðè
âûáðàííîì äîñòàòî÷íî áîëüøîì l > 1.

Òåîðåìà 3.5.2. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, σn ∈ [1, 2),

Σg, h ∈ C([0, T ];H2
σ) ∪ Cγ([0, T ];Hσ) ïðè αn = 1 è Σg, h ∈ (C([0, T ];H2

σ) ∩
C1
γ([0, T ];Hσ)) ∪ (Cγ([0, T ];Hσ) ∩ C1

γ([0, T ];Hσ)) ïðè αn < 1, γ ∈ (0, 1). Òîãäà

çàäà÷à (3.5.1)�(3.5.5) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ïðè âûáðàííûõ âûøå Z è A çàäà÷à (3.5.1)�(3.5.5) ñâîäèòñÿ

ê àáñòðàêòíîé çàäà÷å (3.1.1), (3.3.1). Ïîñêîëüêó ìû íàõîäèì âåêòîð-ôóíêöèè

v(·, t) è w(·, t) ñî çíà÷åíèÿìè â Hσ äëÿ êàæäîãî t ∈ (0, T ], âìåñòî óðàâíåíèÿ

(3.5.3) ðàññìîòðèì åãî ïðîåêöèþ íà Hσ

Dσnv = µBv +Bw + Σg, (x, t) ∈ Ω× (0, T ],

Â ýòîì ñëó÷àå ïðîåêöèÿ óðàâíåíèÿ (3.5.4) íà Hσ èìååò âèä

Dσnw = bv + cw + Σh, (x, t) ∈ Ω× (0, T ],
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ñëåäîâàòåëüíî, Πh ≡ 0. Ïî òåîðåìå 3.5.1 è òåîðåìå 3.3.1 ïîëó÷èì òðåáóåìîå.

Çàìå÷àíèå 3.5.1. Åñëè ìû íàøëè âåêòîð-ôóíêöèè v(x, t) è w(x, t), òî ïî-

ëó÷èì ãðàäèåíò äàâëåíèÿ

∇p(·, t) = µΠ∆v(·, t) + Π∆w(·, t) + Πf(·, t)

èç ïðîåêöèè óðàâíåíèÿ (3.5.3) íà ïîäïðîñòðàíñòâî Hπ.

3.6. Ïàðû èíâàðèàíòíûõ ïîäïðîñòðàíñòâ

Ïóñòü X , Y � áàíàõîâû ïðîñòðàíñòâà. Îáîçíà÷èì ÷åðåçDL, DM ⊂ X îáëàñòè

îïðåäåëåíèÿ îïåðàòîðîâ L,M ∈ Cl(X ;Y) ñîîòâåòñòâåííî, RL
µ(M) := (µL −

M)−1L, LLµ(M) := L(µL −M)−1, ÷åðåç ρL(M) îáîçíà÷èì ìíîæåñòâî µ ∈ C,
òàêîå, ÷òî îòîáðàæåíèå µL−M : DL∩DM → Y èíúåêòèâíî è RL

µ(M) ∈ L(X ),

LLµ(M) ∈ L(Y).

Ëåììà 3.6.1. Ïóñòü λ, µ ∈ ρL(M). Òîãäà

(i) imRL
λ(M) = imRL

µ(M), imLLλ(M) = imLLµ(M);

(ii) kerRL
µ(M) = kerL, kerLLµ(M) = {Mφ : φ ∈ DM ∩ kerL}.

Äîêàçàòåëüñòâî. (i) Ïñåâäîðåçîëüâåíòíîå òîæäåñòâî

(λL−M)−1 − (µL−M)−1 = (µ− λ)(λL−M)−1L(µL−M)−1 (3.6.1)

ïîäðàçóìåâàåò, ÷òî

RL
λ(M)−RL

µ(M) = (µ− λ)RL
λ(M)RL

µ(M),

LLλ(M)− LLµ(M) = (µ− λ)LLλ(M)LLµ(M).

Ñëåäîâàòåëüíî, ïîäïðîñòðàíñòâà kerRL
µ(M) = kerL, imRL

µ(M), kerLLµ(M),

imLLµ(M) íå çàâèñÿò îò ïàðàìåòðà µ ∈ ρL(M).

(ii) Ïåðâîå ðàâåíñòâî â óòâåðæäåíèè (ii) î÷åâèäíî. Ïóñòü LLµ(M)y = 0

äëÿ µ ∈ ρL(M), òîãäà z = (µL−M)−1y ∈ kerL ∩DM , y = −Mz.
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Îïðåäåëåíèå 3.6.1. Ïóñòü L,M ∈ Cl(X ;Y). Ïàðà îïåðàòîðîâ (L,M) ïðè-

íàäëåæèò êëàññóH{αk}(θ0, a0) äëÿ íåêîòîðûõ θ0 ∈ (π/2, π), a0 ≥ 0, αk ∈ (0, 1],

k = 0, 1, . . . , n, σn > 0, åñëè

(i) äëÿ âñåõ λ ∈ Sθ0,a0 âûïîëíÿåòñÿ âêëþ÷åíèå λ
σn ∈ ρL(M);

(ii) äëÿ ëþáûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò K(θ, a) > 0, òàêîå, ÷òî

äëÿ âñåõ µ ∈ Sθ,a

max{∥RL
µσn(M)∥L(X ), ∥LLµσn(M)∥L(Y)} ≤ K(θ, a)

|µ− a|α0|µ|σn−σ0−1
.

Çàìå÷àíèå 3.6.1. Åñëè ñóùåñòâóåò îáðàòíûé îïåðàòîð L−1 ∈ L(Y ;X ), òî

(L,M) ∈ H{αk}(θ0, a0), òîãäà è òîëüêî òîãäà, êîãäà L−1M ∈ A{αk}(θ0, a0) è

ML−1 ∈ A{αk}(θ0, a0).

Ââåäåì îáîçíà÷åíèÿ kerRL
µ(M) = X 0, kerLLµ(M) = Y0. Îáîçíà÷èì ÷å-

ðåç X 1 (Y1) çàìûêàíèå îáðàçà imRL
µ(M) (imLLµ(M)) â íîðìå ïðîñòðàíñòâà X

(Y). ×åðåç Lk (Mk) îáîçíà÷èì ñóæåíèå îïåðàòîðà L (M) íà DLk
:= DL ∩ X k

(DMk
:= DM ∩ Yk), k = 0, 1.

Ëåììà 3.6.2. Ïóñòü (L,M) ∈ H{αk}(θ0, a0). Òîãäà

(i) kerRL
µ(M) ∩ imRL

µ(M) = {0};
(ii) kerLLµ(M) ∩ imLLµ(M) = {0};
(iii) L0,M0 : X 0 → Y0 è ñóùåñòâóåò îáðàòíûé îïåðàòîð M−1

0 ∈
L(Y0;X 0);

(iv) äëÿ âñåõ x ∈ X 1, y ∈ Y1 lim
n→∞

nRL
n(M)x = x, lim

n→∞
nLLn(M)y = y;

(v) ïðè óñëîâèè ðåôëåêñèâíîñòè ïðîñòðàíñòâà X (Y) èìååò ìåñòî

ðàâåíñòâî X = X 0 ⊕X 1 (Y = Y0 ⊕ Y1).

Äîêàçàòåëüñòâî. (i) Ïóñòü Lx = 0, x = RL
µ(M)u äëÿ íåêîòîðûõ u ∈ X ,

µ ∈ ρL(M). Ñëåäîâàòåëüíî, ïî ëåììå 3.6.1 (ii) Lu = Mφ ñ íåêîòîðûì φ ∈
DM ∩ kerL. Òîãäà äëÿ äîñòàòî÷íî áîëüøèõ n ∈ N

RL
n(M)u = (nL−M)−1Mφ = nRL

n(M)φ− φ = −φ→ 0
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ïðè n→ ∞ áëàãîäàðÿ óñëîâèþ (L,M) ∈ H{αk}(θ0, a0). Òàêèì îáðàçîì, φ = 0,

Lu = 0, x = 0.

(ii) Ïóñòü LLµ(M)y = 0, y = LLµ(M)z äëÿ íåêîòîðûõ z ∈ Y , µ ∈ ρL(M).

Âîçüìåì x = (µL−M)−1y, òîãäà Lx = 0, x = RL
µ(M)(µL−M)−1z = RL

µ(M)u,

ãäå u = (µL − M)−1z. Â ñèëó ïðåäûäóùåãî ýòàïà äîêàçàòåëüñòâà x = 0,

ñëåäîâàòåëüíî, y = 0.

(iii) Äëÿ x ∈ X 0, µ ∈ ρL(M) èìååì LLµ(M)Lx = LRL
µ(M)x = 0,

LLµ(M)Mx =MRL
µ(M)x = 0, ïîýòîìó, L0,M0 : X 0 → Y0.

Èç ðàâåíñòâà (3.6.1) ñëåäóåò, ÷òî ïðè µ, β ∈ Sθ0,a0

(µσnL−M)−1 = (βσnL−M)−1 + (βσn − µσn)RL
µσn(M)(βσnL−M)−1.

Òîãäà èç óñëîâèÿ (L,M) ∈ H{αk}(θ0, a0) ïîëó÷àåì, ÷òî

∃C > 0 ∀µ ∈ Sθ0,a0 \ {µ ∈ C : |µ− a0| ≤ 1} ∥(µσnL−M)−1∥L(Y;X ) ≤ C.

Ñëåäîâàòåëüíî, ïðè Γ := Γ+ ∪ Γ− ∪ Γ0, Γ± := {λ ∈ C : λ = a + re±iθ, r ∈
(δ,∞)}, Γ0 := {λ ∈ C : λ = a + δeiφ, φ ∈ (−θ, θ)} äëÿ íåêîòîðûõ δ > 0,

a > a0, θ ∈ (π/2, θ0) èìååì

N = − 1

2πi

∫
Γ

(µL−M)−1e
µ

µ
dµ

∣∣∣∣
Y0

∈ L(Y0;X 0).

Ïðè ýòîì

M0N = − 1

2πi

∫
Γ

(µLLµ(M)− I)
eµ

µ
dµ

∣∣∣∣
Y0

= IY0,

NM0x = − 1

2πi

∫
Γ

(µRL
µ(M)− I)

eµ

µ
dµx = x

äëÿ x ∈ DM0
. Òàêèì îáðàçîì, N =M−1

0 .

(iv) Ïóñòü x = RL
λ(M)u äëÿ íåêîòîðîãî λ ∈ ρL(M), u ∈ X . Òîãäà ïî

îïðåäåëåíèþ 3.6.1

nRL
n(M)x = (I + (nL−M)−1M)x = x+RL

n(M)(λL−M)−1Mu =
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= x+RL
n(M)(λRL

λ(M)− I)u,

∥RL
n(M)(λRL

λ(M)− I)u∥X ≤ C∥(λRL
λ(M)− I)u∥X

n
→ 0

ïðè n → ∞. Ñëåäîâàòåëüíî, lim
n→∞

nRL
n(M)x = x äëÿ âñåõ x ∈ imRL

λ(M).

Ýòî ïîäïðîñòðàíñòâî ïëîòíî â X 1, à ñåìåéñòâî îïåðàòîðîâ {nRL
n(M) : n ∈

N, n1/σn > 2(a0 + 1)} îãðàíè÷åíî â L(X ) â ñèëó óñëîâèÿ (L,M) ∈ H{αk}(θ, a).

Àíàëîãè÷íî äîêàçûâàåòñÿ âòîðîå ðàâåíñòâî.

(v) Âîçüìåì âåêòîð x ∈ X . Èç óñëîâèÿ (L,M) ∈ H{αk}(θ0, a0) ñëåäóåò,

÷òî ïîñëåäîâàòåëüíîñòü {kRL
k (M)x : k ∈ N, k > 2σn(a0 + 1)σn} îãðàíè÷åíà

â X . Èç ðåôëåêñèâíîñòè ïðîñòðàíñòâà X ñëåäóåò, ÷òî ñóùåñòâóåò ïîäïîñëå-

äîâàòåëüíîñòü {knRL
kn
(M)x}, ñëàáî ñõîäÿùàÿñÿ ê íåêîòîðîìó u ∈ X . Èç çà-

ìêíóòîñòè ëèíåéíîãî ïîäïðîñòðàíñòâà X 1 ñëåäóåò åãî ñëàáàÿ çàìêíóòîñòü,

ïîýòîìó u ∈ X 1.

Ïóñòü un = knR
L
kn
(M)x− u, òîãäà w- lim

n→∞
un = 0. Ðàññìîòðèì ïðåäåë

lim
n→∞

RL
µ(M)un = lim

n→∞
knR

L
kn
(M)RL

µ(M)x−RL
µ(M)u = RL

µ(M)(x− u) (3.6.2)

ñîãëàñíî óòâåðæäåíèþ (iv). Äëÿ ëþáîãî x∗ èç ñîïðÿæåííîãî ïðîñòðàíñòâà

X ∗ = L(X ;C) èìååì x∗(RL
µ(M)un) ≡ u∗(un), ãäå u

∗ ∈ X ∗. Ñëåäîâàòåëüíî, â

ñèëó (3.6.2) w- lim
n→∞

RL
µ(M)un = 0 = RL

µ(M)(x− u), ïîýòîìó, x− u ∈ X 0.

Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîãî x ∈ X èìååì x = u + v, ãäå v =

x− u ∈ X 0, u ∈ X 1.

Äëÿ ïðîñòðàíñòâà Y , óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî.

Ñîãëàñíî ëåììå 3.6.2, îïåðàòîð P = s- lim
n→∞

RL
n(M) (Q = s- lim

n→∞
LLn(M))

ÿâëÿåòñÿ ïðîåêòîðîì âäîëü X 0 (Y0) íà ïîäïðîñòðàíñòâî X 1 (Y1).

Ñëåäñòâèå 3.6.1. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè

ýòîì (L,M) ∈ H{αk}(θ0, a0). Òîãäà

(i) ∀x ∈ DL Px ∈ DL, LPx = QLx, L(I − P )x = (I −Q)Lx;

(ii) ∀x ∈ DM Px ∈ DM , MPx = QMx, M(I − P )x = (I −Q)Mx.
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Äîêàçàòåëüñòâî. Äëÿ x ∈ DM èç çàìêíóòîñòèM è ñóùåñòâîâàíèÿ ïðåäåëîâ

lim
n→∞

nRL
n(M)x = Px, lim

n→∞
MnRL

n(M)x = lim
n→∞

nLLn(M)Mx = QMx,

ñëåäóåò ïåðâîå ðàâåíñòâî óòâåðæäåíèÿ (ii). Âòîðîå ðàâåíñòâî ñëåäóåò èç ïåð-

âîãî î÷åâèäíûì îáðàçîì.

Óòâåðæäåíèå (i) äîêàçûâàåòñÿ àíàëîãè÷íî.

Ñëåäñòâèå 3.6.2. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè

ýòîì (L,M) ∈ H{αk}(θ0, a0). Òîãäà

(i) L1,M1 ∈ Cl(X 1;Y1);

(ii) ñóùåñòâóåò îïåðàòîð L−1
1 ∈ Cl(Y1;X 1).

Äîêàçàòåëüñòâî. Âëîæåíèÿ imLk ⊂ Yk, imMk ⊂ Yk, k = 0, 1 ñëåäóþò èç

ïðåäûäóùåãî ñëåäñòâèÿ. Ïîêàæåì, ÷òî çàìûêàíèå DM1
ñîâïàäàåò ñ X 1. Â

ñèëó ñëåäñòâèÿ 3.6.1 (ii) äëÿ êàæäîãî xn ∈ DM Pxn ∈ DM1
. Ïîñêîëüêó DM

ïëîòíî â ïðîñòðàíñòâå X , äëÿ ëþáîãî x ∈ X , â ÷àñòíîñòè äëÿ x = Px ∈ X 1,

ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {xn} ⊂ DM , ñõîäÿùàÿñÿ ê x. Ñëåäîâàòåëüíî,

lim
n→∞

Pxn = Px = x, çíà÷èò DM1
ïëîòíî â X 1.

Ïëîòíîñòü ìíîæåñòâà DM0
â ïðîñòðàíñòâå X 0 è ìíîæåñòâà DLk

â X k,

k = 0, 1, ìîæåò áûòü äîêàçàíî àíàëîãè÷íî ñ ïîìîùüþ ïðîåêòîðà I − P â

ïåðâîì ñëó÷àå.

Îïåðàòîð L1 èíúåêòèâåí, òàê êàê kerL = X 0. Â òî æå âðåìÿ LLµ(M) =

LL1
µ (M1)Q. Ñëåäîâàòåëüíî, imL

L
µ(M) = imLL1

µ (M1) ⊂ imL1 è Y1 ⊂ imL1.

Ïîýòîìó îáðàç imL1 ïëîòåí â Y1 è L−1
1 ïëîòíî îïðåäåëåí. Îí çàìêíóò êàê

îáðàòíûé ê çàìêíóòîìó îïåðàòîðó.

Ââåäåì îáîçíà÷åíèÿ S = L−1
1 M1 : DS → X 1, DS = {x ∈ DM1

: M1x ∈
imL1}; V =M1L

−1
1 : DV → Y1, DV = {y ∈ imL1 : L

−1
1 y ∈ DM1

}.

Ëåììà 3.6.3. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè ýòîì

(L,M) ∈ H{αk}(θ0, a0). Òîãäà DS ïëîòíî â X , DV ïëîòíî â Y.
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Äîêàçàòåëüñòâî. Ïîäïðîñòðàíñòâî DL1
ïëîòíî â X 1. Ñëåäîâàòåëüíî, äëÿ

x ∈ X 1 ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {xn} ⊂ DL1
òàêàÿ, ÷òî lim

n→∞
xn = x.

Òîãäà lim
n→∞

nRL1
n (M1)xn = lim

n→∞
nRL1

n (M1)(xn − x) + lim
n→∞

nRL1
n (M1)x = x, ñëå-

äîâàòåëüíî, RL1
µ (M1)[DL1

] � ïëîòíîå ìíîæåñòâî â X 1. Äëÿ x = RL1
µ (M1)u ∈

RL1
µ (M1)[DL1

], èìååì M1x = L1(µx − u) è x ∈ DL−1
1 M1

. Òàêèì îáðàçîì, DS

ïëîòíî â X 1.

Ìíîæåñòâî imLLµ(M) = imLL1
µ (M1)Q ïëîòíî â Y1, ïîýòîìó äëÿ y =

LL1
µ (M1)z ∈ LL1

µ (M1)[Y1] èìååì L−1
1 y = (µL1−M1)

−1z ∈ DM1
. Òàêèì îáðàçîì,

imLL1
µ (M1)Q ⊂ DV è DV ïëîòíî â Y1.

Ëåììà 3.6.4. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè ýòîì

(L,M) ∈ H{αk}(θ0, a0).

(i) Åñëè L1 ∈ L(X 1;Y1) èëè M1 ∈ L(X 1;Y1), òî S ∈ Cl(X 1).

(ii) Åñëè L−1
1 ∈ L(Y1;X 1) èëè M−1

1 ∈ L(Y1;X 1), òî V ∈ Cl(Y1).

Äîêàçàòåëüñòâî. (i) Ïóñòü {xn} ⊂ DS ñõîäèòñÿ ê x ∈ X 1 è {Sxn} ñõîäèòñÿ ê
u ∈ X 1. Òàê êàê {Sxn} ⊂ DL1

, òî L1Sxn =M1xn → L1u ïðè n→ ∞ â ñëó÷àå

íåïðåðûâíîñòè îïåðàòîðà L1. Èç çàìêíóòîñòè îïåðàòîðà M1 òîãäà ñëåäóåò,

÷òî x ∈ DM1
, M1x = L1u, Sx = u.

Åñëè îïåðàòîð M1 íåïðåðûâåí, òî M1xn → M1x ïðè n → ∞, à â ñèëó

çàìêíóòîñòè îïåðàòîðà L−1
1 ïîëó÷èì M1x ∈ DL−1

1
, u = L−1

1 M1x = Sx.

(ii) Ïðåäïîëîæèì, ÷òî {yn} ⊂ DV ñõîäèòñÿ ê y ∈ Y1 è {V yn} ñõîäèòñÿ
ê z ∈ Y1. Âîçüìåì xn = L−1

1 yn, òîãäà xn → L−1
1 y ïðè n → ∞, åñëè L−1

1 ∈
L(Y1;X 1). Â ñèëó çàìêíóòîñòè îïåðàòîðà M1 èìååì L−1

1 y ∈ DM1
, M1L

−1
1 y =

z.

Åñëè M−1
1 ∈ L(Y1;X 1), òîãäà L−1

1 yn → M−1
1 z ïðè n → ∞, à ïîñêîëüêó

îïåðàòîð M1 çàìêíóò, ïîëó÷àåì M−1
1 z ∈ DM1

, z =M1L
−1
1 y = V y.

Â ñèëó ëåììû 3.6.4 ïîëó÷àåì ñëåäóþùèå óòâåðæäåíèÿ.

Ñëåäñòâèå 3.6.3. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè

ýòîì (L,M) ∈ H{αk}(θ0, a0).
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(i) Åñëè L1 ∈ L(X 1;Y1) èëè M1 ∈ L(Y1;X 1), òî S ∈ A{αk}(θ0, a0).

(ii) Åñëè L−1
1 ∈ L(Y1;X 1) èëè M−1

1 ∈ L(Y1;X 1), òî V ∈ A{αk}(θ0, a0).

Äîêàçàòåëüñòâî. Â ñèëó ïðåäûäóùèõ ðåçóëüòàòîâ ýòîãî ðàçäåëà è îïðåäåëå-

íèÿ 3.6.1 îïåðàòîðû S ∈ Cl(X 1), V ∈ Cl(Y1) óäîâëåòâîðÿþò óñëîâèÿì îïðå-

äåëåíèÿ 3.2.1.

Òàêèì îáðàçîì, ïîëó÷èì ñëåäóþùóþ òåîðåìó î ïàðàõ èíâàðèàíòíûõ

ïîäïðîñòðàíñòâ.

Òåîðåìà 3.6.1. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè

ýòîì (L,M) ∈ H{αk}(θ0, a0). Òîãäà

(i) X = X 0 ⊕X 1, Y = Y0 ⊕ Y1;

(ii) ïðîåêòîð P (Q) íà ïîäïðîñòðàíñòâî X 1 (Y1) âäîëü ïîäïðîñòðàí-

ñòâà X 0 (Y0) èìååò âèä P = s- lim
n→∞

nRL
n(M) (Q = s- lim

n→∞
nLLn(M));

(iii) L0 = 0, M0 ∈ Cl(X 0;Y0), L1,M1 ∈ Cl(X 1;Y1);

(iv) ñóùåñòâóþò îáðàòíûå îïåðàòîðû L−1
1 ∈ Cl(Y1;X 1) è M−1

0 ∈
L(Y0;X 0);

(v) åñëè L1 ∈ L(X 1;Y1) èëè M1 ∈ L(X 1;Y1), òî S ∈ Cl(X 1), ïðè÷åì,

S ∈ Aα(θ0, a0);

(vi) åñëè L−1
1 ∈ L(Y1;X 1) èëè M−1

1 ∈ L(Y1;X 1), òî V ∈ Cl(Y1), ïðè-

÷åì, V ∈ Aα(θ0, a0).

3.7. Âûðîæäåííûå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

Ëåììà 3.7.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, (L,M) ∈ H{αk}(θ0, a0),

θ0 ∈ (π/2, π), a0 ≥ 0, Γ = ∂Sθ,a äëÿ íåêîòîðîãî θ ∈ (π/2, θ0), a > a0. Òîãäà

ñåìåéñòâàXβ(t) =
1

2πi

∫
Γ

µσn−1+βRL
µσn(M)eµtdµ ∈ L(X ) : t > 0

 , k = 0, 1, . . . , n−1,
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2πi

∫
Γ

µσn−1+βLLµσn(M)eµtdµ ∈ L(Y) : t > 0

 , k = 0, 1, . . . , n− 1,

àíàëèòè÷åñêè ïðîäîëæèìû â ñåêòîð Σθ0−π/2, ïðè÷åì,

max{∥Xβ(t)∥L(X ), ∥Yβ(t)∥L(Y)} ≤ Cβ(θ, a)e
aRet(|t|−1 + a)β, β ≥ 0,

max{∥Xβ(t)∥L(X ), ∥Yβ(t)∥L(Y)} ≤ Cβ(θ, a)e
aRet|t|−β, β < 0.

Äîêàçàòåëüñòâî ëåììû íè÷åì íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà ëåììû

2.1 èç [43].

Î÷åâèäíî, ÷òî Xβ(t)|X 0 = 0, Yβ(t)|Y0 = 0 äëÿ âñåõ t > 0. Îáîçíà÷èì

Xβ(t)|X 1 = X1
β(t), Yβ(t)|Y1 = Y 1

β (t), t > 0.

Ëåììà 3.7.2. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè ýòîì

(L,M) ∈ H{αk}(θ0, a0). Òîãäà äëÿ β ∈ R, t > 0

Xβ(t) = PXβ(t) = X1
β(t)P, X 0 ⊂ kerXβ(t), imXβ(t) ⊂ X 1;

Yβ(t) = QYβ(t) = Y 1
β (t)Q, Y0 ⊂ kerYβ(t), imYβ(t) ⊂ Y1;

LXβ(t)x = Yβ(t)Lx, x ∈ DL MXβ(t)x = Yβ(t)Mx, x ∈ DM .

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, íàïðèìåð, äëÿ β ∈ R, t > 0, y ∈ Y ïî

òåîðåìå 3.6.1 Yβ(t)y = Yβ(t)(Qy+ (I −Q)y) = Yβ(t)Qy = Y 1
β (t)Qy = QYβ(t)y.

Âëîæåíèÿ â óòâåðæäåíèè ëåììû ñëåäóþò èç äâóõ ïðåäûäóùèõ ðàâåíñòâ.

Èç âèäà Xβ(t), Yβ(t) è çàìêíóòîñòè îïåðàòîðîâ L, M ñëåäóþò äâà ïî-

ñëåäíèõ ðàâåíñòâà â óòâåðæäåíèè ëåììû.

Ñëåäñòâèå 3.7.1. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, ïðè

ýòîì (L,M) ∈ H{αk}(θ0, a0).

(i) Åñëè L1 ∈ L(X 1;Y1) èëè M1 ∈ L(X 1;Y1), òî {X1
σk
(t) ∈ L(X 1) :

t > 0} � åäèíñòâåííîå k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ äëÿ óðàâíåíèÿ

Dσnx(t) = Sx(t).
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(ii) Åñëè L−1
1 ∈ L(Y1;X 1) èëè M−1

1 ∈ L(Y1;X 1), òî {Y 1
σk
(t) ∈ L(Y1) :

t > 0} � åäèíñòâåííîå k-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ äëÿ óðàâíåíèÿ

Dσny(t) = V y(t).

Äîêàçàòåëüñòâî. Â óñëîâèÿõ òåîðåìû îïåðàòîðû S è V çàìêíóòû è ïëîòíî

îïðåäåëåíû, (µαI − S)−1 = RL
µα(M), (µαI − V )−1 = LLµα(M), ρL(M) = ρ(S) =

ρ(V ). Ñëåäîâàòåëüíî, ïî ñëåäñòâèþ 3.6.3 è òåîðåìå 3.2.2 óòâåðæäåíèå âåðíî.

Çàìå÷àíèå 3.7.1. Â óñëîâèÿõ ñëåäñòâèÿ 3.7.1 èç òåîðåìû 3.2.2 ñëåäóåò ñó-

ùåñòâîâàíèå ñèëüíûõ ïðåäåëîâ

DσkX1
σk
(0) = s- lim

t→0+
DσkX1

σk
(t) = IX 1, DσkY 1

σk
(0) = s- lim

t→0+
DσkY 1

σk
(t) = IY1.

3.8. Âûðîæäåííîå ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

DσkPx(0) = xk, k = 0, 1, . . . , n− 1, (3.8.1)

äëÿ óðàâíåíèÿ

DσnLx(t) =Mx(t) + f(t), t ∈ (0, T ], (3.8.2)

ãäå L,M ∈ Cl(X ;Y), kerL ̸= {0}, Dσk , k = 0, 1, . . . , n, � äðîáíûå ïðî-

èçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà, êîòîðûå îïðåäåëÿþòñÿ íàáîðîì ÷èñåë

{αk}n0 = {α0, α1, . . . , αn}, 0 < αk ≤ 1, k = 0, 1, . . . , n, σn > 0, f ∈ C([0, T );Y).

Ôóíêöèÿ x : (0, T ) → DL ∩ DM íàçûâàåòñÿ ðåøåíèåì çàäà÷è (3.8.1),

(3.8.2), åñëè x ∈ L1(0, T ;X ), DσkPx ∈ AC([0, T ];X ), k = 0, 1, . . . , n − 1,

DσnLx ∈ C((0, T ];Y), Mx ∈ C((0, T ];Y), ðàâåíñòâî (3.8.2) ñïðàâåäëèâî äëÿ

âñåõ t ∈ (0, T ] è âûïîëíåíû óñëîâèÿ (3.8.1).

Òåîðåìà 3.8.1. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, αk ∈
(0, 1], k = 0, 1, . . . , n, α0+αn > 1, θ0 ∈ (π/2, π), a0 ≥ 0, (L,M) ∈ H{αk}(θ0, a0),

L1 ∈ L(X 1) èëè M1 ∈ L(X 1), f ∈ C([0, T ];Y), ïðè αn = 1 L−1
1 Qf ∈
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C
(
[0, T ];DL−1

1 M1

)
∪ Cγ([0, T ];X 1

)
, ïðè αn < 1 L−1

1 Qf ∈ (C
(
[0, T ];DL−1

1 M1

)
∩

C1
γ([0, T ];X 1

)
) ∪ (Cγ([0, T ];X 1

)
∩ C1

γ([0, T ];X 1
)
) äëÿ íåêîòîðîãî γ ∈ (0, 1),

xk ∈ DL−1
1 M1

, k = 0, 1, . . . , n − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è (3.8.1), (3.8.2), ïðè ýòîì îíî èìååò âèä

x(t) =
n−1∑
k=0

X1
−σk(t)xk +

t∫
0

X1
1−σn(t− s)L−1

1 Qf(s)ds−M−1
0 (I −Q)f(t).

Äîêàçàòåëüñòâî. Âîçüìåì x0(t) := (I−P )x(t), x1(t) := Px(t). Â ñèëó òåîðå-

ìû 3.6.1 óðàâíåíèå (3.8.2) ìîæíî ñâåñòè ê ñèñòåìå äâóõ óðàâíåíèé:

x0(t) = −M−1
0 (I −Q)f(t),

Dσnx1(t) = Sx1(t) + L−1
1 Qf(t). (3.8.3)

Ïîñêîëüêó L1 ∈ L(X 1;Y1) èëè M1 ∈ L(X 1;Y1), òî ïî òåîðåìå 3.6.1 (v)

S ∈ A{αk}(θ0, a0), ïîýòîìó ïî ñëåäñòâèþ 3.7.1 è òåîðåìå 3.3.1 ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è Dσkx1(0) = xk ∈ DS, k = 0, 1, . . . , n − 1, äëÿ

óðàâíåíèÿ (3.8.3), è îíî èìååò âèä

x1(t) =
n−1∑
k=0

X1
−σk(t)xk +

t∫
0

X1
1−σn(t− s)L−1

1 Qf(s)ds.

Òåîðåìà 3.8.2. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû, αk ∈
(0, 1], k = 0, 1, . . . , n, α0+αn > 1, θ0 ∈ (π/2, π), a0 ≥ 0, (L,M) ∈ H{αk}(θ0, a0),

L−1
1 ∈ L(Y1;X 1) èëè M−1

1 ∈ L(Y1;X 1), f ∈ C((0, T );Y), äëÿ íåêîòîðîãî

γ ∈ (0, 1) ïðè αn = 1 Qf ∈ C
(
[0, T );DM1L

−1
1

)
∪ Cγ([0, T );Y1

)
, ïðè αn < 1

Qf ∈ (C
(
[0, T );DM1L

−1
1

)
∩ C1

γ([0, T );Y1
)
) ∪ (Cγ([0, T );Y1

)
∩ C1

γ([0, T );Y1
)
),

xk ∈ DL ∩ DM ∩ X 1, k = 0, 1, . . . , n − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è (3.8.1), (3.8.2), ïðè ýòîì îíî èìååò âèä

x(t) = L−1
1

n−1∑
k=0

Y 1
−σk(t)Lxk + L−1

1

t∫
0

Y 1
1−σn(t− s)Qf(s)ds−M−1

0 (I −Q)f(t).
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Äîêàçàòåëüñòâî. Â ýòîì ñëó÷àå âìåñòî óðàâíåíèÿ (3.8.3) ìû ïîëó÷àåì óðàâ-

íåíèå

Dσny1(t) = V y1(t) +Qf(t),

ãäå y1(t) := L1x
1(t). Ïî òåîðåìå 3.6.1 (vi), åñëè L−1

1 ∈ L(Y1;X 1) èëè M−1
1 ∈

L(Y1;X 1), òî V ∈ A{αk}(θ0, a0), ïîýòîìó â ñèëó ñëåäñòâèÿ 3.7.1 è ïî òåî-

ðåìå 3.3.1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Dσky1(0) = Lxk, k =

0, 1, . . . , n − 1, äëÿ óðàâíåíèÿ (3.8.3). Çàìåòèì, ÷òî Lxk ∈ DV , ïîñêîëüêó

L−1
1 Lxk = xk ∈ DM1

, k = 0, . . . , n− 1. Ðåøåíèå ýòîé çàäà÷è èìååò âèä

y1(t) =
n−1∑
k=0

Y 1
−σk(t)Lxk +

t∫
0

Y 1
1−σn(t− s)Qf(s)ds.

Çàìå÷àíèå 3.8.1. Åñëè ðàññìîòðåòü çàäà÷ó Dσkx(0) = xk, k = 0, 1, . . . , n−1,

äëÿ óðàâíåíèÿ (3.8.2), òî ïîëó÷èì àíàëîãè÷íûå ðåçóëüòàòû ñ äîïîëíèòåëü-

íûìè óñëîâèÿìè ñîãëàñîâàíèÿ

DσkM−1
0 (I −Q)f(0) = −(I − P )xk, k = 0, 1, . . . , n− 1.

Çàìå÷àíèå 3.8.2. Ìîæíî çàìåòèòü, ÷òî íà÷àëüíûå óñëîâèÿ (3.8.1) â ïðåä-

ïîëîæåíèè (L,M) ∈ H{αk}(θ0, a0) ýêâèâàëåíòíû óñëîâèÿì

DσkLx(0) = yk, k = 0, 1, . . . , n− 1, (3.8.4)

ãäå yk = Lxk, èëè xk = L−1
1 yk, k = 0, 1, . . . , n− 1.

3.9. Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ Äçåêöåðà

Ïóñòü Pϱ(λ) =
ϱ∑
j=0

cjλ
j, Qϱ(λ) =

ϱ∑
j=0

djλ
j, cj, dj ∈ C, j = 0, 1, . . . , ϱ ∈ N, â

îòëè÷èå îò �2.6 ïîòðåáóåì, ÷òîáû áûëî cϱ = 0, dϱ ̸= 0; êàê ïðåæäå Ω ⊂ Rd

îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω,

(Λu)(ξ) :=
∑
|q|≤2r

aq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, ξq ∈ C∞(Ω),
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(Blu)(ξ) :=
∑
|q|≤rl

blq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, blq ∈ C∞(∂Ω), l = 1, 2, . . . , r,

q = (q1, q2, . . . , qd) ∈ Nd
0, |q| = q1+ · · ·+ qd, ïó÷îê îïåðàòîðîâ Λ, B1, B2, . . . , Br

ðåãóëÿðíî ýëëèïòè÷åí [89]. Ïóñòü îïåðàòîð Λ1 ∈ Cl(L2(Ω)) ñ îáëàñòüþ îïðå-

äåëåíèÿ DΛ1
= H2r

{Bl}(Ω) := {v ∈ H2r(Ω) : Blv(ξ) = 0, l = 1, 2, . . . , r, ξ ∈ ∂Ω}
äåéñòâóþùèé êàê Λ1u := Λu, ñàìîñîïðÿæåí, ñïåêòð σ(Λ1) îãðàíè÷åí ñïðàâà

è íå ñîäåðæèò íóëÿ, {φk : k ∈ N} � îðòîíîðìèðîâàííàÿ â L2(Ω) ñèñòåìà ñîá-

ñòâåííûõ ôóíêöèé îïåðàòîðà Λ1, ïðîíóìåðîâàííûõ â ïîðÿäêå íåâîçðàñòàíèÿ

ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé {λk : k ∈ N} ñ ó÷åòîì èõ êðàòíîñòåé.

Ðàññìîòðèì óðàâíåíèå

DσnPϱ(Λ)u(ξ, t) = Qϱ(Λ)u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× (0, T ], (3.9.1)

ñ êðàåâûìè óñëîâèÿìè

BlΛ
ku(ξ, t) = 0, k = 0, 1, . . . , ϱ−1, l = 1, 2, . . . , r, (ξ, t) ∈ ∂Ω× (0, T ], (3.9.2)

ãäå Dσk � äðîáíûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî ïåðåìåííîé t,

ñîîòâåòñòâóþùèå íàáîðó {αk}nk=0, αk ∈ (0, 1], k = 0, 1, . . . , n, ôóíêöèÿ h :

Ω× [0, T ] → R.
Âîçüìåì ϱ0 := max{j ∈ {0, 1, . . . , ϱ− 1} : cj ̸= 0},

X = {v ∈ H2rϱ0(Ω) : BlΛ
kv(ξ) = 0, k = 0, 1, . . . , ϱ0−1, l = 1, 2, . . . , r, ξ ∈ ∂Ω},

Y = L2(Ω), L = Pϱ(Λ) ∈ L(X ;Y), M = Qϱ(Λ) ∈ Cl(X ;Y),

DM = {v ∈ H2rϱ(Ω) : BlΛ
kv(ξ) = 0, k = 0, 1, . . . , ϱ−1, l = 1, 2, . . . , r, ξ ∈ ∂Ω},

Åñëè Pϱ(λk) ̸= 0 äëÿ âñåõ k ∈ N, òî ðàññìîòðèì îïåðàòîð A = L−1M ∈
Cl(X ) ñ îáëàñòüþ îïðåäåëåíèÿ DA = DM .

Òåîðåìà 3.9.1. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, σn ∈ [1, 2), Z = X ,

(−1)ϱ−ϱ0dϱ/cϱ0 < 0, Pϱ(λk) ̸= 0 äëÿ âñåõ k ∈ N. Òîãäà îïåðàòîð A = L−1M

ñ îáëàñòüþ îïðåäåëåíèÿ DA = DM ïðèíàäëåæèò êëàññó A{αk}(θ0, a0) äëÿ

íåêîòîðûõ θ0 ∈ (π/2, π), a0 > 0.



115

Äîêàçàòåëüñòâî. Âîçüìåì θ0 ∈ (π/2, π/σn), a0 > 0, òîãäà äëÿ λ ∈ Sθ0,a0

(λσnI − A)−1 =
∞∑
k=1

⟨·, φk⟩φk
λσn − Qϱ(λk)

Pϱ(λk)

,
Qϱ(λk)

Pϱ(λk)
∼ (−1)ϱ−ϱ0

dϱ
cϱ0

|λk|ϱ−ϱ0, k → ∞.

Ïîýòîìó λσn ∈ Sθ0σn,a0 è ïðè äîñòàòî÷íî áîëüøîì a0 > 0 èìååì∣∣∣∣λσn − Qϱ(λk)

Pϱ(λk)

∣∣∣∣ ≥ |λσn − aσn0 | sin(π − θ0σn)

Òàêèì îáðàçîì, A ∈ A{αk}(θ0, a0).

Òåîðåìà 3.9.2. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, σn ∈ [1, 2),

(−1)ϱ−ϱ0dϱ/cϱ0 < 0, Pϱ(λk) ̸= 0 äëÿ âñåõ k ∈ N, ïðè αn = 1 h ∈ C([0, T ];DM)∪
Cγ([0, T ];X ), ïðè αn < 1 h ∈ (C([0, T ];DM)∩C1

γ([0, T ];X ))∪ (Cγ([0, T ];X )∩
C1
γ([0, T ];X )), γ ∈ (0, 1). Òîãäà çàäà÷à (3.9.1), (3.9.2) ñ íà÷àëüíûìè óñëîâèÿ-

ìè

Dσku(ξ, 0) = uk(x), k = 0, 1, . . . , n, ξ ∈ Ω, (3.9.3)

èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Çàäà÷à (3.9.1)�(3.9.3) ðåäóöèðîâàíà ê àáñòðàêòíîé çàäà÷å

(3.1.1), (3.3.1). Ïî òåîðåìå 3.9.1 è òåîðåìå 3.3.1 ïîëó÷èì òðåáóåìîå.

Ïóñòü òåïåðü, êàê â �2.6, Pϱ(λk) = 0 äëÿ íåêîòîðûõ k ∈ N.

Òåîðåìà 3.9.3. Ïóñòü αk ∈ (0, 1], k = 0, 1, . . . , n, σn ∈ [1, 2), (−1)ϱ−ϱ0dϱ/cϱ0 <

0, Pϱ(λk) = 0 äëÿ íåêîòîðûõ k ∈ N, ìíîãî÷ëåíû Pϱ è Qϱ íå èìåþò îá-

ùèõ êîðíåé íà ìíîæåñòâå {λk}. Òîãäà (L,M) ∈ H{αk}(θ0, a0) äëÿ íåêîòîðûõ

θ0 ∈ (π/2, π), a0 > 0.

Äîêàçàòåëüñòâî. Èìååì

(λσnL−M)−1L = L(λσnL−M)−1 =
∑

Pϱ(λk )̸=0

⟨·, φk⟩φk
λσn − Qϱ(λk)

Pϱ(λk)

.

Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.9.1, ïîëó÷èì òðåáóåìîå.
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Â óñëîâèÿõ òåîðåìû 3.9.3 ïðîåêòîðû èìåþò âèä

P =
∑

Pϱ(λk )̸=0

⟨·, φk⟩φk, Q =
∑

Pϱ(λk) ̸=0

⟨·, φk⟩φk,

à íà÷àëüíûå óñëîâèÿ ñ ó÷åòîì çàìå÷àíèÿ 3.8.2 ìîãóò áûòü çàäàíû â âèäå

DσkPϱ(Λ)u(ξ, 0) = yk(ξ), k = 0, 1, . . . , n− 1, ξ ∈ Ω. (3.9.4)

Òîãäà çàäà÷à (3.9.1), (3.9.2), (3.9.4) ìîæåò áûòü ïðåäñòàâëåíà êàê (3.8.2),

(3.8.4) ñ ïðîñòðàíñòâàìè X ,Y è îïåðàòîðàìè L, M , âûáðàííûìè âûøå.

Î÷åâèäíî, ÷òî îãðàíè÷åí îïåðàòîð L1 ∈ L(X 1;Y1), ìîæíî òàêæå ïî-

êàçàòü, ÷òî L−1
1 ∈ L(Y1;X 1), ïîýòîìó ñ ïîìîùüþ òåîðåìû 3.8.1 èëè òåîðå-

ìû 3.8.2 ìîæíî äîêàçàòü îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (3.9.1), (3.9.2),

(3.9.4), åñëè α0+αn > 1, h ∈ Cγ([0, T ];L2(Ω)) è yk ∈ L[DM ], k = 0, 1, . . . , n−1,

òàêèå, ÷òî ⟨yk, φl⟩ = 0 äëÿ âñåõ l ∈ N, äëÿ êîòîðûõ Pϱ(λl) = 0.

×àñòíûì ñëó÷àåì çàäà÷è (3.9.1), (3.9.2), (3.9.4) ÿâëÿåòñÿ íà÷àëüíî-êðà-

åâàÿ çàäà÷à

Dσn(λ−∆)u(ξ, t) = α∆u(ξ, t)−β∆2u(ξ, t)+h(ξ, t), (ξ, t) ∈ Ω× (0, T ), (3.9.5)

u(ξ, t) = ∆u(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (0, T ), (3.9.6)

Dσk(λ−∆)u(ξ, 0) = uk(ξ), k = 0, 1, . . . , n, ξ ∈ Ω. (3.9.7)

Çäåñü ∆ � îïåðàòîð Ëàïëàñà ïî âñåì ïðîñòðàíñòâåííûì ïåðåìåííûì, Dσk ,

k = 0, 1, . . . , n, � ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåííîé ïåðå-

ìåííîé t, T > 0, β > 0, α, λ ∈ R. Åñëè n = 1, α0 = α1 = 1, òî óðàâíåíèå

Äçåêöåðà (3.9.5) ìîäåëèðóåò íåêîòîðûå ïðîöåññû òåîðèè ôèëüòðàöèè [14].

Ñëåäóÿ îáùåé ñõåìå ðàññóæäåíèé, âûáèðàåìX = H2
0(Ω) = {v ∈ H2(Ω) :

v(ξ) = 0, ξ ∈ ∂Ω}, Y = L2(Ω), îïåðàòîðû L = λI −∆ ∈ L(X ;Y), M = α∆−
β∆2 ∈ Cl(X ;Y), DM = H4

0(Ω) = {v ∈ H4(Ω) : v(ξ) = ∆v(ξ) = 0, ξ ∈ ∂Ω}.
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Çàêëþ÷åíèå

Îñíîâíûìè ðåçóëüòàòàìè äèññåðòàöèîííîé ðàáîòû ÿâëÿþòñÿ òåîðåìû îá îä-

íîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ ëèíåéíûõ è êâàçèëèíåéíûõ

óðàâíåíèé ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà, êàê ðàçðåøåííûõ îò-

íîñèòåëüíî ñòàðøåé ïðîèçâîäíîé, òàê è ñîäåðæàùèõ ëèíåéíûé îïåðàòîð ñ

íåòðèâèàëüíûì ÿäðîì ïðè ýòîé ïðîèçâîäíîé. Ïðè ýòîì ëèíåéíàÿ ÷àñòü óðàâ-

íåíèÿ ïðåäïîëàãàåòñÿ ïîðîæäàþùåé ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ, àíà-

ëèòè÷åñêîå â ðàçðåçàííîé êîìïëåêñíîé ïëîñêîñòè (ñëó÷àé îãðàíè÷åííîãî îïå-

ðàòîðà èëè îòíîñèòåëüíî îãðàíè÷åííîé ïàðû îïåðàòîðîâ) èëè â ñåêòîðå. Ïî-

ëó÷åííûå àáñòðàêòíûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê èññëåäîâàíèþ íà÷àëüíî-

êðàåâûõ çàäà÷ äëÿ óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Äàëüíåéøèå ïåðñïåêòèâû ðàçâèòèÿ òåìàòèêè äàííîé ðàáîòû ñâÿçàíû

ñ èññëåäîâàíèåì ëîêàëüíîé è ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷

äëÿ êâàçèëèíåéíûõ óðàâíåíèé ñ àíàëèòè÷åñêèì â ñåêòîðå ðàçðåøàþùèì ñå-

ìåéñòâîì îïåðàòîðîâ, äëÿ ëèíåéíûõ è êâàçèëèíåéíûõ óðàâíåíèé ñ ñèëüíî

íåïðåðûâíûì ðàçðåøàþùèì ñåìåéñòâîì. Èíòåðåñ áóäåò ïðåäñòàâëÿòü òàêæå

èññëåäîâàíèå îáðàòíûõ çàäà÷ è ðàçëè÷íûõ çàäà÷ óïðàâëåíèÿ äëÿ óðàâíåíèé

ñ ïðîèçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà.
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Îáîçíà÷åíèÿ è ñîãëàøåíèÿ

1. Ìíîæåñòâà, êàê ïðàâèëî, îáîçíà÷àþòñÿ çàãëàâíûìè áóêâàìè ëàòèíñêîãî

àëôàâèòà, ïðè ýòîì

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, N0 := {0} ∪ N;
R � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë;

R+ := {a ∈ R : a > 0}; R+ := {0} ∪ R+;

C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.

2. Äëÿ m ∈ Z, α ∈ (m− 1,m] îáîçíà÷àåì m := ⌈α⌉.
3. Ýëåìåíòû ìíîæåñòâ îáîçíà÷àþòñÿ ñòðî÷íûìè áóêâàìè ëàòèíñêîãî è

ãðå÷åñêîãî àëôàâèòîâ, îïåðàòîðû îáîçíà÷àþòñÿ çàãëàâíûìè áóêâàìè ëàòèí-

ñêîãî àëôàâèòà.

4. L(X ;Y) � áàíàõîâî ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïåðàòî-

ðîâ, äåéñòâóþùèõ èç áàíàõîâà ïðîñòðàíñòâà X â áàíàõîâî ïðîñòðàíñòâî Y ;
Cl(X ;Y) � ìíîæåñòâî ëèíåéíûõ çàìêíóòûõ ïëîòíî îïðåäåëåííûõ â

ïðîñòðàíñòâå X îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâî Y ;
L(X ;X ) := L(X ), Cl(X ;X ) := Cl(X ).

5. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A îáîçíà÷àåòñÿ ÷åðåçDA, åãî ÿäðî �

÷åðåç kerA, îáðàç � ÷åðåç imA. Ñèìâîëîì spanB îáîçíà÷àåòñÿ ëèíåéíàÿ

îáîëî÷êà ìíîæåñòâà B.
6. ×åðåç Lq(Ω;X ) è W l

q(Ω;X ) îáîçíà÷àþòñÿ ïðîñòðàíñòâà Ëåáåãà è Ñî-

áîëåâà ñîîòâåòñòâåííî ôóíêöèé u : Ω → X , ãäå îáëàñòü Ω ⊂ Rn, X � áàíà-

õîâî ïðîñòðàíñòâî, q ≥ 1, l ∈ N, H l(Ω;X ) := W l
2(Ω;X ).

7. Ñèìâîëàìè I è O îáîçíà÷àþòñÿ ñîîòâåòñòâåííî òîæäåñòâåííûé è

íóëåâîé îïåðàòîðû, îáëàñòè îïðåäåëåíèÿ êîòîðûõ ÿñíû èç êîíòåêñòà.

8. Ñèìâîë □ ëåæèò â êîíöå äîêàçàòåëüñòâà.
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